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Introduction. 

The notion of a "Mackey functor" associated to a finite group G is a stan- 
dard tool both in algebraic topology and in group theory. It was originally 
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introduced by Dress |Dr| and later clarified by several people, in particular 
by Lindner [Li]; the reader can find modern expositions in the topological 
context e.g. in [LMS] . [M], [tP]. or a more algebraic treatment in [T2]. 

In this paper, we will be mostly concerned with applications to algebraic 
topology. Of these, the main one is the following: the category of Mackey 
functors is the natural target for equivariant homology and cohomology. 

Namely, assume given a CW complex X equipped with a continuous 
action of a finite group G. Then if the action is nice enough, the cellular 
homology complex C. (X, Z) inherits a G-action, so that we can treat homol- 
ogy as a functor from G-equivariant CW complexes to the derived category 
P(G, Z) of representations of the group G. However, this loses some essen- 
tial information. For example, for any subgroup H C G, the homotopy type 
of the subspace C X of H-Rxed points is a G-homotopy invariant of 
X in a suitable sense; but once we forget X and remember only the object 
G. (X, Z) G P(G, Z), there is no way to recover the homology H,{X^ 

Thus, the Mackey functors: certain algebraic gadgets designed to re- 
member not only the homology H, {X, Z) as a representation of G, but also 
all the groups (X^,Z), H C G, with whatever natural group action they 
possess, and some natural maps between them. We recall the precise defini- 
tions in Section [2j For now, it suffices to say that in the standard approach, 
Mackey functors form a tensor abelian category A^(G) such that, among 
other things, 

(i) for any G-equivariant CW complex X, we have natural homology ob- 
jects H^{X,Z) €M{G), 

(ii) there is a forgetful exact tensor functor from A4(G) to the category 
Z[G]-mod of representations of G which recovers (X, Z) with the 
natural G-action when applied to H^{X,'E), 

(iii) for any subgroup H C G, the homology H,{X^ , Z) can also be recov- 
ered from H^{X,Z) £ M{G), 

(iv) H^{X, Z) is compatible with stabilization and the tensor product, and 
extends to the "genuine G-equivariant stable homotopy category" of 
[LMSj, here denoted by StHom(G). 

More precisely, for every subgroup H C G, one has an exact functor from 
Ai{G) to the category of abelian groups which associates an abelian group 
to every M G Ai{G); then in (iii), there is a functorial isomorphism 

H.{X",Z) ^ H^{X,Z)". 
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One can use the correspondence M M to visualize the structure of 
the category M(G) in the following way. For any subgroup H C G, let 
Mh{G) C M{G) be the full subcategory spanned by such M G M{G) that 

• M^' = unless H' contains a conjugate of H. 

Then this is a Serre abelian subcategory, and the subcategories A4h{G), 
H C G, form an increasing "filtration by support" of the category M(G). 
The top associated graded quotient of this filtration is equivalent to the 
category Z[G]-modules — that is, we have 

MiG)/{MHiG)){,}^HcG = Z[G]-mod, 

where {M.H{G))i^cj^H^Q C M.{G) is the Serre subcategory generated by 
Mh{G) for all subgroups H C G except for the trivial subgroup {e} C G. 
One can also compute other quotients; for example, the smallest subcategory 
Mc{G) C G corresponding to G itself is equivalent to the category Z-mod 
of abelian groups. More generally, for any normal subgroup N G G there 
exists a fully faithful exact inflation functor Infl^ which gives an equivalence 

Infl^ : M{G/N) ^ Mn{G) C M{G). 

Analogous structures also exist on the category StHom(G). Namely, for 
any G-spectrum X G StHom(G), one has the so-called Lewis-May fixed 
points spectrum , so that one can define the subcategories StHomi7(G) 
by (•). Then for a normal subgroup N C G, one has a fully faithful embed- 
ding StHom(G/A^) = StHomAr(G) C StHom(G). In particular, the smallest 
subcategory StHomG'(G) C StHom(G) is equivalent to the non-equivariant 
stable homotopy category StHom. Another important feature of the stable 
category is the geometric fixed points functor : StHom (G) StHom; on 
the level of Mackey functors, this corresponds to the projections onto the 
associated graded quotients of the filtration by support. 

To a person trained in homological algebra, a natural next thing to do 
is to consider the derived category 'D{M{G)) of the abelian category M.{G), 
and try to extend all of the above to the "derived level" : one would like 
to have a natural equivariant homology functor Gp(— ,Z) : G-StHom — > 
2?(A4(G)), and one would expect the category P(A4(G)) to imitate the 
natural structure of the category StHom (G). 

Unfortunately, and this came as a nasty surprise to the author, this 
program does not work: the derived category D{A4{G)) is not the right 
thing to consider. The specific problem is that the inflation functor Infl^ 
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is not fully faithful on the level of derived categories. Already in the case 
G = l^/plj, p prime, when the only subgroups in G are the trivial subgroup 
{e} C G and G itself, we can consider the full triangulated subcategory 
Vg{M{G)) C V{M{G)) spanned by such M E V{M{G)) that M^^^ = 0. 
Then while we do have the equivalence V{M{G))/Vg{M{G)) ^ V{G,Z), 
the functor 

P(Z-mod) ^ V{Mg{G)) Vg{M{G)) 

is not an equivalence. The category 'DGiM{G)) which ought to be equiva- 
lent to the derived category of abelian groups is in fact rather complicated 
and behaves badly. So, while one might be able to construct a homology 
functor StHom(G) X>(7W(G)), it does not seem to reflect the structure of 
StHom(G) too closely, and in particular, one cannot expect any reasonable 
compatibility with the geometric fixed point functors . 

But fortunately, a moment's reflection on the definition of a Mackey 
functor (to wit, the argument in the beginning paragraphs of Section [3|) 
shows why this is so, and in fact suggests what the correct "category of 
derived Mackey functors" should be. This is the subject of the present 
paper. For any finite group G, we construct a tensor triangulated category 
T'AI(G) of "derived Mackey functors" which enjoys the following properties. 

(i) For any subgroup H C G and any M £ VA4{G), there exists a func- 
torial "fixed points" object G P(Z-mod). 

(ii) For any subgroup H C G, let VMh{G) C VMiG) be the full trian- 
gulated subcategory spanned by M G 'DM.{G) satisfying (•). Then 
VMh{G) C VMiG) is admissible in the sense of |BKj - that is, the 
embedding functor VAdniG) ^ T>A4{G) has a left and a right-adjoint 
- and we have an equivalence 

(0.1) VMh{G)/{VMh' {G))hcH'cg,Hj^h' = V{Wh, Z), 

where Wh = Nh/H is the quotient of the normalizer Nh C G of 
H cGhy H itself. 

(iii) For any normal subgroup N C G, we have an equivalence 

I'r^fl^ : VM{G/N) ^ VMn{G) C VM{G). 

Informally speaking, the subcategories VAdniG) form a filtration of the 
category VM.{G) indexed by the lattice of conjugacy classes of subgroups 
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in G] this filtration gives rise to a "semiorthogonal decomposition" in the 
sense of |BKj , and the graded pieces of the filtration are naturally identified 
with ViWn,'^), H C G. We explicitly construct functors 

that give the projections onto these graded pieces. We also compute the 
gluing functors between 'D{Wh, Z) C V^A{G)■, these are naturally expressed 
in terms of a certain generalization of Tate cohomology of finite groups. 

The reader will notice that the properties of the category 'DAi{G) are 
slightly stronger than what we have mentioned for the abelian category 
A4{G), in that we identify the associated graded pieces of the filtration by 
support, and describe how these pieces are glued. If one localizes the cate- 
gory A4{G) by inverting the order of the group G, then the corresponding 
statement for the localized category A4{G) is a theorem of Thevenaz [Tlj 
(in this case, there is no gluing: the category M{G) is semisimple, and it 
splits into a direct sum of the categories of representations of the groups 
Wh, H C G). I do not know whether anything is known for Ai{G) in the 
general non-semisimple case. I also do not know whether analogous state- 
ments are knows for the category StHom(G) — namely, whether the graded 
pieces of the filtration by the subcategories StHom//(G) C StHom(G) have 
been computed and/or whether the gluing functors have been identified. 

Moreover, in this paper we construct a natural equivariant homology 
functor /i*^ from G-spectra to our derived Mackey functors such that 

(i) the functor h'^ is tensor, 

(ii) for any subgroup H C G, the functor h'^ sends the subcategory 
StHom//(G) C StHom(G) into VMh{G) C VM{G), and 

(iii) for any subgroup H C G and a G-spectrum X, the underlying com- 
plex of G 'D{Wh,1') computes the homology of the 
geometric fixed point spectrum 

Unfortunately, we can only do all of the above for finite G-CW spectra X. 
I do not know whether the corresponding statements are true for the whole 
category StHom(G). I also expect that for any G-spectrum X, h'^{X)^ is 
the homology of the Lewis-May fixed points spectrum X^ , but I do not 
presently know how to prove it. 

The paper is organized as follows. In Section [H we give some necessary 
standard facts from homological algebra and category theory (this includes 
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the notions related to semiorthogonal decompositions of triangulated cat- 
egories). In Section [2l we recall the usual definition of Mackey functors 
and some of their basic properties. Then we give our derived version. We 
actually give not one but two definitions. First, we give a rather explicit 
definition gories and bar resolutions - this is Section [3] (in 

fact, we work in a slightly larger generality of a small category C which has 
fibered products - for Mackey functors, this is the category of finite G-sets). 
Then in Section we give a more invariant definition somewhat in the spirit 
of Waldhausen's 5-construction, and we show that the two definitions are 
equivalent. In Section \5\ we show how to extend the basic properties of 
Mackey functors given in Section [2] to the derived setting (in particular, we 

— N 

construct the tensor product, the infiation functors Inflg. and the geometric 
fixed points functors ^I*^/^!). 

Formally, this is where the paper might have ended; however, neither of 
our two equivalent definitions is suitable for computations. For this reason, 
we give a third rather explicit description of the same category, and this is the 
subject of the lengthy Section [6l Essentially, we do a sort of Koszul duality 
— we try to describe the same category VAii^G) using the geometric fixed 
points functors (I)['^/^l as a "fiber functor". This is surprisingly delicate; 
in particular, we have to work with Aoo-comodules over an ^oo-coalgebra 
instead of the more usual Aoo-modules over an yloo-algebra. 

One immediate advantage is that the functors ^I*^/^! are tensor, so that 
this new description is better compatible with the tensor product in 'DM.{G). 
However, the real reward comes in Section [71 we are able to prove the 
equivalences (10. ip . thus describing the category of derived Mackey functors 
as a successive extension of representation categories of the subquotient 
groups Wh of the group G, and we express the gluing data between these 
representation categories in terms of a generalization of Tate (co)homology. 
This "generalized Tate cohomology" has the great advantage of being trivial 
in many cases; even when it is not trivial, it is usually possible to compute 
it. 

In the final Section El we describe the relation between the category of 
derived Mackey functors and the G-equivariant stable homotopy category. 
Not being an expert on stable homotopy, I have kept the exposition to an 
absolute minimum; however, I hope that Section [8l does show that the cat- 
egory of derived Mackey functors imitates the equivariant stable homotopy 
category in a satisfactory way. 

It should be stressed that a topologist would learn almost nothing from 
this paper: pretty much everything that we prove about derived Mackey 
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functors is well-known for equivariant spectra (possibly in a different lan- 
guage). In a sense, the whole point of the paper is that so much survives in 
the purely homological theory, which is usually pretty trivial compared to 
the richness of the sphere spectrum. On the other hand, things standard in 
algebraic topology are not always well-known outside of it; a reader with a 
more geometric and/or homological background can treat the paper as an 
extended exercise in the theory of cohomological descent. As such, it might 
even be useful, e.g. in the theory of Artin motives. 

In the interest of full disclosure, I should mention that my personal main 
reason for doing this research was its application to the so-called "cyclotomic 
spectra" , and a comparison theorem between Topological Cyclic Homology, 
on one hand, and a syntomic version of the Periodic Cyclic Homology, on 
the other hand. Needless to say, in the end all of this had to be taken out 
and relegated to a separate paper, which is "in preparation" . 
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to Pierre Deligne, on the occasion of his 65-th birthday. The paper would be 
impossible without his elegant theory of cohomological descent. I am very 
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functors and stable equivariant theory, and generally encouraged me to think 
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University of Tokyo; the hospitality of this wonderful place and my host 
Prof. Yu. Kawamata is gratefully acknowledged. I am extremely grateful 
to the referee for many useful suggestions, friendly criticism, and a lot of 
explanations about the topological part of the story. 

1 Homological preliminaries. 

1.1 Generalities. Throughout the paper we will fix once and for all an 
abelian category Ab; this is the category where our Mackey functors will 

take values. We will assume that Ab is sufficiently nice, in that it is a 
Grothendieck abelian category with enough projectives and injectives. We 
will also assume that Ab is equipped with a symmetric tensor product. In 
addition, we will assume fixed some functorial DG enhancement for Ab, so 
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that for any M, M' € Ab we have a complex 

RHom'(M, M') 

of abehan groups whose homology computes Ext' (M,M'), and moreover, 
RHom'(— , — ) is functorial in both arguments and equipped with functorial 
and associative composition maps 

RHom' (M, M') O RHom" (M', M") RHom' (M, M") 

for any M, M' , M" G Ab. For example, Ab may be the category of vector 
spaces over a field k, or the category of modules over a commutative ring R, 
or indeed simply the category of abelian groups. We will denote by 'D(Ah) 
the (unbounded) derived category of Ab. We will tacitly assume that the 
DG enhancement is extended to unbounded complexes, so that for any two 
complexes M. , M'^ we have a complex of abelian groups 

RHom' (M.,M.') 

whose 0-th homology classes are in one-to-one correspondence with maps 
from M. to M[ in D(Ab) (this is slightly delicate - to do it properly, one 
has to use either /i-projective or /i-injective replacements in the sense of 

[M, Hi). 

Throughout the paper, we will work with many small categories. Usually 
we will denote objects in a small category C by small roman letters; for any 
c, c' G C, we will denote by C(c, c') the set of morphisms from c to c'. For any 
small category C, we will denote by Fun(C, Ab) the category of all functors 
from C to Ab. This is also a Grothendieck abelian category with enough 
projectives and injectives. We will denote its derived category by D{C, Ah). 

A functor 7 : C — )• C induces a restriction functor 7* : Fun(C',Ab) — )• 
Fun(C,Ab), and this has a left-adjoint 71 : Fun(C,Ab) Fun(C',Ab) and 
a right-adjoint 7* : Fun(C,Ab) — )• Fun(C',Ab), known as the left and right 
Kan extensions. By adjunction, 7* is exact, 71 is right-exact, and 7,, is left- 
exact, so that we have derived functors L'^\,R'j^ : P(C, Ab) — )• V{C',Ah). 

In particular, if C' = pt is the point category, we have Fun(C',Ab) = 
Fun(pt, Ab) = Ab, and if r : C ^ pt is the projection to the point, the 
Kan extensions ri and r* are given by the direct and inverse limit over the 
category C. Their derived functors are known as homology H,{C,—) and 
cohomology H' {C, — ) of the category C. 

On the other hand, if we choose an object c € C and let i'^ : pt ^ C 
be the functor which sends pt to c G C, then the Kan extension functors 
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if,i1 : Ab = Fun(pt,Ab) Fun(C,Ab) are exact. To simplify notation, we 
will denote Mc = if(M), = il{M) for any object M G Ab. Explicitly, 
the functors Mc, M'^ S Fun(C, Ab) are given by 

(1.1) Mc(c') = M, M%c') = n ^' 

C(c,c') C(c',c) 

for any d (the sum and the product of copies of M indexed by elements 
in the corresponding Hom-sets). If M is projective, then Mc is projective in 
Fun(C, Ab); if M is injective, then is injective in Fun(C, Ab). For any 
M G C, a map f : c ^ c' induces natural maps 

1.2 Fibrations and base change. In general, it is rather cumbersome 
to compute the Kan extensions explicitly; however, there is one situation 
introduced in [SGA ] where the computations are simplified. Namely, assume 
given a functor 7 : C — t- C between small categories C, C . A morphism 
f : c'q ^ c'l in C is called Cartesian with respect to 7 if it has the following 
universal property: 

• any morphism /" : Cg — t- di such that 7(/") = 7(/') factorizes uniquely 
as /" = f o i through a morphism i : Cq — > Cg such that 7(4) = id. 

The functor 7 is called a fibration if 

(i) for any morphism / : cg — )• Ci in the category C and any object c[ G C 
with ^{c'l) = c\ there exists a Cartesian map /' : Cg — > c'j^ such that 
7(/') = /, 

(ii) and moreover, the composition of two Cartesian maps is Cartesian. 

Example 1.1. Let C be a category with fibered products, let C be the 
category of diagrams cg — > ci in C, and let 7 : C — )• C be the functor which 
sends a diagram cg — > c\ to c\. Then 7 is a fibration. 

For any object c G C, denote by C'^ the fiber of the functor 7 over the 
object c G C - that is, the category of objects d G C such that 7(0') = c 
and those morphisms i between them for which 7(i) = id. Note that by 
the universal property of Cartesian maps, the map / : Cg — >■ d^ in (i) is 
unique up to a unique isomorphism, so that, if 7 is a fibration, setting 
f*{di) = Cg defines a functor /* : C'^^ C'^^ which we will call the transi- 
tion functor corresponding to /. The same universal property provides a 
canonical map (/ o g)* = f* o g* for any two composable morphisms /, g 
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in C, and the condition (ii) insures that this is an isomorphism. These iso- 
morphisms in turn satisfy a compatibihty condition for composable triples, 
and the whole thing has been axiomatized by Grothendieck under the name 
of a "pseudo-functor" from C to the 2-category Cat of small categories; we 
refer the reader to [SGAj for details. Grothendieck also proved the inverse 
statement: every fibration over C is uniquely defined by the corresponding 
contravariant pseudo-functor from C to Cat. Nowadays this is usually called 
"the Grothendieck construction". 

Assume given a fibration 7 : C' — > C, another small category Ci, and a 
functor rj : Ci C. Define a small category C[ as a fibered product 

C[ c 



Ci c. 

Then we have a pair of adjoint base change isomorphisms 

rioRj^:=Rj^or], Lr/107 = j o L r]\. 



For the proof, see e.g. |Kal Lemma 1.7]. 

Dually, 7 : C — )• C is a cofibration if the corresponding functor 7°^^ : 
^opp _^ Qopp between the opposite categories is a fibration. Under the 
Grothendieck construction, cofibrations correspond to covariant pseudofunc- 
tors. If 7 is a cofibration, we have a base change isomorphism 

T] o L j\ = L o rj . 

In particular, for any functor E £ Fun(C',Ab), the value L'{E){c) at an 
object c G C is canonically given by 

(1.2) L-{E){c)^H.{C',,E). 



1.3 Bar-resolutions. Another computational tool that we will need is 
the so-called bar-resolution. Assume given a small category C. Then every 
functor E £ Fun(C, Ab) has a canonical resolution P,{C,E) with terms 

P^-l{C,E)= Eic),^, 

Cl-5> >Ci 

where the sum is taken over all the diagrams ci —)••••—>■ q in the category 
C, and the usual differential 5 = di — d2 + - • -idj, where di drops the object q 
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from the diagram, and acts as the identity map if 1 < Z < z, as the natural 

map E{ci)ci ~^ ^(ci)ci_i induced by Ci_i — > q if / = f, and as the map 
E{ci)ci ~^ E[c2)ci induced by the map E{ci) E{c2) if / = 1. To sec that 
this is indeed a resolution, one evaluates P,{C,E) at some object ceC. By 
definition, the resulting complex is given by 

Pi.i{C,E)ic)= E{ci), 

ci— s- >Ci^c 

where the sum is now over all the diagrams ending at c G C. If one adds 
the term E{c) in degree —1 corresponding to the diagram consisting of c 
itself, then the resulting complex is obviously chain-homotopic to — the 
contracting homotopy h sends the term corresponding to a diagram ci — )■ 
• • • ^ Ci — )• c to the term corresponding to ci ^ —)• c c, where 

the last map c — >■ c is the identity map. 

Since all the objects Mc, c G C, M e Ab are obviously acyclic for the 
homology functor H,{C,—), the bar resolution can be used to compute the 
homology H,{C,E). This results in the bar-complex C.{C,E) with terms 

(1.3) Q.,{C,E)= E{c,). 

Cl-> >Ci 

This has the following standard properties. 

(i) The bar-complex C, (C, E) is functorial with respect to E. 

(ii) For any functor 7 : C ^ C and any E : C ^ Ab, there is a natural map 

: C.{C,'j*E) — >■ C.{C',E) which induces the natural adjunction 
map H,{C,j*E) — )■ H,{C',E) on homology, and for any composable 

pair of functors 7 : C C, 7' : C -> C", we have 7J *'^o^'f = {'y'oj)^. 

(iii) For any two categories C, C and functors E : C ^ Ah, E' : C ^ Ah, 
we have a Kiinneth-type quasiisomorphism 

(1.4) C. (C, E) ® C. {C, E') ^C.{Cx C', EME'), 

and this is associative with respect to triple products. 

Of these, only (iii) is slightly non-obvious; the required quasiisomorphism is 
given by the shuffle product. 

In addition, the bar-resolution can be used to give a canonical DG en- 
hancement to the category Fun(C,Ab). Indeed, for any E,E' G Fun(C, Ab) 
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we can compute Fixt' {E, E') by the bar-resolution; this results in a bicom- 
plex RRom''{E,E') = RRom.'/ {E,E') with terms 

(1.5) RHom^-^'"(^,^') = n RHom"(^(ci),^'(ci)). 

Cl^ >Ci 

We denote by RHom'(£', £") the total complex of this bicomplex. Gives 
three objects E,E',E" G Fun(C,Ab), we have a natural composition map 
RRom' {E,E') RHom' {E' , E") RHom'(^,^"), and this is associative 
in the obvious sense. 

We will also need a slightly more refined version of the bar resolution. 
For any i, the diagrams ci — )• • • • — )• Cj and isomorphisms between them form 
a groupoid Cj. Denote by fjj, Tj : Cj ^ C the functors which send a diagram 
ci ^ • • • ^ Cj to ci G C resp. q G C. For any E G Fun(C, Ab), consider the 
complex 

Pi.i,.{C,E)=Ti,P.{Q,a;E). 

Forgetting one vertex in a diagram gives a functor Ci — )■ Ci^i, and this 
construction is strictly associative. Therefore by the properties (i), (ii) of 
the bar complex, we can turn the collection P, , (C, E) into a bicomplex, with 
the second differential given by the same formula 5 = di — ^2 + • • • ± as 
in the case of P.{C, E). The total complex P. (C, E) is then also a resolution 
on the functor E. To see this, one again evaluates at an object c G C, and 
uses the same contracting homotopy h as in the case of P,{C,E). 

In the case of two functors E, E' G Fun(C, Ab), we can use the resolution 
P,{C,E) to compute RHom' (£^, £^'); this results in the triple complex with 
terms 

(1.6) RRom''' ''{E,E') = C {d, RRom' {a* E,t* E')), 

a refinement of the double complex (II. 5p . Its total complex is functorially 
quasiisomorphic to RRom' (E, E'). 

1.4 Semiorthogonal decompositions. We will also need some technol- 
ogy for working with triangulated categories; the standard reference here is 

m- 

In light of recent advances in axiomatic homotopy theory, it is perhaps 
better to state explicitly that in this paper, our notion of a triangulated 
category is the original notion of Verdier. A full triangulated subcategory 
P C in a triangulated category V is called localizing if the quotient V /D 
exists (in spite of the set-theoretic difficulties of the Verdier construction). 
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A full triangulated subcategory V C V is called left resp. right admissible 
if the embedding functor V ^ T>' admits a left resp. right adjoint; it is 
admissible if it is admissible both on the left and on the right. The left 
orthogonal C V consists of objects M G such that Hom(M, A'^) = 
for any N e V. This is also a full triangulated subcategory in V, and it 
known that V C V is left-admissible if and only if V and ^T> generate 
the whole V'. In this case, one says that {-^V,!)) is a semi- orthogonal 
decomposition of the triangulated category V. One shows that V is then 
generated by V and -^V in the following strong sense: for any M' G V', 
there exists a unique and functorial distinguished triangle 

(1-7) > M' > M > 

with M £ V and G -^V. Moreover, the category V C V is localizing, 
and we have a natural identification -*-!> = V /V. 

Analogously, the right orthogonal T>-^ C T>' consists of objects M E V 
such that Hom(A, M) = for any A G "D, and T) C V is right-admissible if 
and only D' is generated by T? and P-*-; in this case, {V, T)-^) is a semiorthog- 
onal decomposition of the category V . We have the following standard fact. 

Lemma 1.2. Assume given a left- admissible triangulated subcategory T> C 
T>' . Then the natural projection — > V' /V = is fully faithful, and it 
is an equivalence if and only ifVcV is right-admissible. □ 

Given an admissible subcategory V C V, one defines the gluing functor 
R : V'/V -^V as the composition 

V'/V C V > V, 

where the second functor V ^ V is left-adjoint to the embedding T> C 
v. This is a triangulated functor defined up to a canonical isomorphism. 

Objects M' G V arc in natural one-to-one correspondence with triples 
{M-^, M,r) of an object M"*- G P"*", an object M G P, and a gluing map 
r : R{M-^) M[l]. 

We note that it is not possible to recover the category V from V, V'/V 
and the gluing functor R : V'/V — > V (we can recover objects, but not 
morphisms). However, there is the following useful fact. 

Lemma 1.3. Assume given triangulated categories V'^, V'2 equipped with 
left- admissible subcategories Vi dV^, V2 C V'2, and a triangulated functor 
F : V'l V'2. Moreover, assume that 
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(i) F sends Pi into 1^2, T)i into T>2, and the induced functors F : 
Di ^ T>2, F -.V^^/TDi ^ T>'2/T>2 are equivalences, and 

(ii) Vi C T>'^ is also right-admissible, and F sends into T>2 C T>2- 
Then F is also an equivalence. 

Proof. Since V'^ is generated by V2 = F(Vi) and -^^2 = F{-^Vi), the 
functor F is essentially surjective, and it suffices to prove that it is fully 
faithful — that is, for any M, N !)[, the map 

F : Hom(M,iV) ^ Hom(F(M), F(iV)) 

is an isomorphism. By (jl.7p . we may assume that M lies either in -'-Pi or in 
Pi. If M G -LPi and iV G Pi, then both sides are 0. li M,N G ^Pi, then 
the map is bijective by (i). Thus we may assume M G Pi. Decomposing 
by (|1.7p with respect to the semiorthogonal decomposition (Pi,P]^), we see 
that we may assume that either G Pi or G Pj*-. Then in the first case, 
the claim follows from (i), and in the second case, from (ii). □ 

1.5 ^00-structures. To construct triangulated categories, we will use the 
machinery of Aoo-algebras and ^oo-categories (this is very well covered in 
the literature; a standard reference is, for example, B. Keller's overview 
|Ke3| ). We briefly recall the relevant notions. 

1.5.1 Algebras and modules. An ^00- a/^eftra sirectore on a graded free 
Z-module A, is given by a coderivation 5 of the free non-unital associative 
coalgebra T. {A, [1]) generated by A, shifted by 1 such that 6'^ = 0. Explicitly, 
the structure is given by a collection of operations 6„ : A'^"^ A,, n > 1, 
and 5^ = is equivalent to 

(1.8) Yl ° (id^' C5 id^') = 

i+j+l=n 

for any n > 1. For n = 1, this reads as bf = 0, so that 61 is a differential 
which turns A, into a complex of Z-modules. After adding some signs de- 
pending on degrees of the operands, the higher operations 6„, n > 2, can be 
arranged together into an operad AsSoo of complexes of Z-modules. More- 
over, the action of symmetric groups on the component cornplexes AsSqo is 
irrelevant for the definition of an j4oo-algebra - the operad AsSoo is induced 
from an asymmetric operad AsSqo in the sense of |Hi] . The asymmetric 



15 



operad AsSqo is equipped with a canonical surjective augmentation quasiiso- 
morphism AsSqo Ass onto the associative asymmetric operad Ass. If one 
forgets the differentials, AsSoo is the free asymmetric operad generated by a 
single operation bn for each n > 2. Thus AsSoo is cofibrant in the natural 
closed model structure on the category of asymmetric operads (see [Hj]), 
and the augmentation map AsSqo — > Ass is a cofibrant replacement for Ass. 
For any Aoo-algebra A,, the operation m2 given by 

(1.9) m2{x,y) = {-lf'^^'^h2{x,y) 

induces an associative multiplication on the homology groups H,{A,). A 
homological unit in A, is an element 1 G Aq such that 6i(l) = 0, and the 
cohomology class of 1 is the unit for the associative algebra H,{A,). A 
homological unit 1 induces a contracting homotopy h for the differential 5 
on r. {A, [1]) by setting h{ai • • • (8) a„) = 1 (g) ai (8) • • ■ (8> a„. We will assume 
that all 74oo-algebras are equipped with a homological unit. 

An Aao-morphism f between Aoo-algebras A,, A[ is a DG coalgebra 
morphism T. (A.[l]) — )• T. (A'Jl]). Explicitly, / is given by a collection of 
maps /„ : Af"' A[, n>l such that 

(1.10) Yl /m+«°(id®'€D6,®id®') = Yl bso{fi,^...^fiJ 

i+j+l=n iiH \-is 

for any n > 1. In particular, fi is a map of complexes, and it induces an 
algebra map H,{fi) : H,{A,) — )• H,{A'^). The map / is unitalif so is H,{fi). 

Every DG algebra is automatically an ^oo-algebra (with trivial bn, n > 
3). In particular, for a complex M. of objects in an abelian category Ab 
as in Subsection 11.11 End(M.) is a DG algebra. The structure of an A^o 
module over A, on the complex M. is given by a unital ^oo-morphism A, 
End(M.). Explicitly, this given by a collection of maps 

bn ■■ ""^ M. ^ M. 

for all n > 2 satisfying (II. Sp (where bi is the differential on M.). Equiv- 
alently, an j4oo-module structure on M. is given by a differential 6 on the 
cofree T. (A, [l])-comodule T. {A, [1])(8>M. which turns it into a DG comodule. 

1.5.2 Homotopy. The homotopy category Ho(j4.,Ab) of A^o modules 
over A, is the full subcategory in the chain-homotopy category of DG co- 
modules over T. (74.(1]) spanned by Aoo-modules (objects are complexes M. 
equipped with an ^oo-module structure, maps are chain-homotopy classes 
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of maps between the corresponding DG comodules T. (^.[1]). Explicitly, 
if we are given two complexes M. , M[ equipped with Aoo-module struc- 
tures over A,, then the graded group Hom^_ (M. , M_') of maps between the 
corresponding T. (A. [l])-comodules can be canonically written down as 

(1.11) Hom;^^ (M.,M.') = J|Hom'-"(Af"®M.,M.'), 

n>0 

and it has a natural differential given by d{a) = 5 o a — a o 5. Maps in 
Ho(^., Ab) are the degree-0 homology classes of this complex. The category 
Ho(yl., Ab) is obviously triangulated. Inside it, we have the full triangulated 
subcategory spanned by those M, which are acyclic as complexes of objects 
in Ab. 

Lemma 1.4. The subcategory of acyclic Aoo-modules in Ho(yl., Ab) is lo- 
calizing. 

Proof. As in the case of unbounded complexes of objects studied in |Kelj . say 
that an yloo-module M, is h-injective if it is right-orthogonal in Ho(yl., Ab) 
to all acyclic ^cxD-niodules. Then it suffices to prove that for every M. G 
Ho{Aoo, Ab), there exists an /i-injective M, € Ho(j4.,Ab) equipped with a 
quasiisomorphism M. M. . Choose a complex M. of objects in Ab which 
is /i-injective and equipped with an injective quasiisomorphism M, — )• M. . 
Then since we assume that A, is a complexes of free Z-modules, the map 
j4f"(8)M. — >■ Af'"'CS)M, is an injective quasiisomorphism for any n. Then we 
can solve the equations (jl.Sp by induction on n, to obtain an ^doo-module 
structure on M, and an Aoo-Quasiisomorphism M, — )• M,. Moreover, for 
any acyclic Aoo-module A^. , the terms in the complex Hom^_ (A'^. , M.) can 
be rewritten as 

(1.12) Hom'(Af''® A.,M.) ^ Hom' (^f Hom' (A. , M.)), 

and since A, is a complex of free Z-modules and M, is right-orthogonal 
to A., these are acyclic complexes. Thus Hom^i^ ( A^. , M. ) is the limit of 
an inverse system of acyclic complexes of abelian groups, and the transition 
maps in this system are surjective. Therefore the inverse limit is also acyclic, 
and M. is /i-injective in Ho(j4.,Ab). □ 

Definition 1.5. The derived category D(A.,Ab) is obtained by localizing 
the category Ho(j4.,Ab) with respect to the subcategory of acyclic A^o- 
modules. 
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We have the obvious forgetful functor Ab) P(Ab). It has both 

a left and a right- adjoint, the free and the cofree module functors; they send 
a complex M. into Aoo-comodules given by A, (g) M., resp. }iomz{A,, M,), 
with an ^oo-module structure induced by the structure maps 6„ of the Aq^- 
algebra A. To see the adjunction, one notes that the contracting homotopy 
h given by the homological unit in A, induces a homotopy which contracts 

HomA. {A.^M.,N.) 

to Hom(M. , A^. ) for any 74oo-module A^. , and similarly for the cofree module 
}iomz{A,, N,). In fact, we have 

(1.13) Hom"(^f"®^. ®M.,A^.) ^ Hom'(^f",Hom^(^., A^.)) 

for any n > and any two complexes M. , A^. in Ab, so that the complexes 
Hom^ (~) ~) one has to contract are exactly the same in the free and in the 
cofree case. The adjunction also holds on the level of homotopy categories. 
In particular, for any Aoo-module M., the adjunction gives 3,n ^QQ-inap 

A. (S) M. ^ M.. 

Iterating this construction, we obtain a version of the bar resolution for 
^oo-modules; in effect, any ^oo-module M, is quasiisomorphic to the direct 
limit 

limM^") 

n 
— > 

SO that the transition maps are injective, and their cokernels 

are free Aoo-modules. Dually, we have the cobar resolution, and every M. 
can represented as an inverse limit of a system with surjective transition 
maps with cofree kernels. 

More generally, for any Aoo-map f : A, ^ A[ between Aoo-algebras, we 
have an obvious restriction functor /* : 'D(A[, Ah) — >■ Ab). Replacing 

an ^oo-module with its free resp. cofree resolution, one easily shows that /* 
has both a left-adjoint f\ and a right-adjoint /*. 

Lemma 1.6. // the A^-map f : A^o A'^ is a quasiisomorphism, then 
f* and f\ are mutually inverse equivalences of categories. 

Proof. Let M. , A^. be two ^oo-modules over A'^. Rewrite the terms of the 
complex (jl.lip as in (I1.12p . Then for any n > 0, the natural map 

/* : Hom"(^f",Hom"(A^.,M.)) ^ Hom" (X^", Hom" (A^. , M.)) 
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is a quasiisomorphism. This implies that /* is fully faithful. To see the it is 
essentially surjective, note that it commutes with filtered direct limits, and 
for any complex M. , f*{A[ ®M,) is quasiisomorphic to the free j4oo-niodule 
A,®M,. □ 



1.5.3 Coalgebras. An Aoo-coalgebra is an Aoo-algebra in the category 
opposite to that of abelian groups. Explicitly, an Aoo-coalgebra structure 
on a graded Z-module A, is given by a collection of operations 

bn-.A.^ Af", n > 1, 

subject to relations (jl.Sp (where the composition o should be understood in 
the reverse order). Equivalently, this structure is encoded by a collection of 
maps 

A. Assoc ^ 

where AsSqo is the asymmetric j4oo-operad. As in the algebra case, we will 
only consider ^oo-coalgebras which are free as Z-modules. For any ^oo- 
coalgebra A,, hi is a differential, that is, 5f = 0, so that A, becomes a 
complex of free abelian groups. The dual complex (A,)* = Homz(A.,Z) is 
naturally an j4oo-algebra. A homological counit for an j4oo-coalgebra A, is 
a map 1 : Aq ^ Z such that 1 o 5i = 0, and 1 G (^o)* is a homological unit 
for (A,)*. We will only consider counital coalgebras. 

An Aoo-morphism f : A[ ^ A, of j4oo-coalgebras is given by a collection 
of maps 

fn : A[ ^ AT, n > 1 

satisfying (jl.lOp . Such a map is a quasiisomorphism if so is its component 
fi. The dual maps /* give an ^oo-map /* : (A,)* {A[)*; f is counital if 
/* is unital. As in the algebra case, we will only consider counital ^oo-uiaps. 

An AoQ-comodule over an ^oo-coalgebra A, in an abelian category Ab is 
given by a graded object M, in Ab together with maps 

(1.14) 6„ : M. ^ M. (g) ^f"-i, n > 1, 

again subject to (jl.Sp . Again, bi is a differential on M. . Moreover, M. is 
automatically an Aoo-module over {A,)*, and H,{M,) is a module over the 
cohomology algebra H' {(A,)*). If this module is unital, the ^oo-comodule 
M. is called counital. We will only consider counital comodules. 

Equivalently, an ^oo-structure on A, can be described as a square-zero 
derivation of the completed tensor algebra T' {A, [—1]), and an Aoo-comodule 



19 



structure on a complex M, is the same as a differential on the completed 
tensor product 

(1.15) r {A.[-l\)^M. =\\mT' {A.[-l])/T^''{A.[-l]) ® M. 

n 

which turns it into a DG T' (^4. [— l])-module. The homotopy category 
Ho(A.,Ab) of Aoo-comodules over A, in Ab is the full subcategory in the 
chain-homotopy category of topological DG T' (^4. [— l])-modules spanned 
by DG modules of the form (jl.lSp . Given two j4oo-comodules M. , M[, we 
define a complex Hom^ (M. ,M_') as 

JjHom"(M.,^®"0M.'), 

n>0 

with the differential dual to that of (jl.lip . Then the space of maps from M. 
to M[ in Ho(A. , Ab) is the 0-th homology group of this complex. An object 
M. G Ho(A., Ab) is called acyclic if it is acyclic as a complex in Ab. 

Lemma 1.7. Assume that Ab is the category of modules over a ring R. 
Then the subcategory of acyclic complexes in Ho(^.,Ab) is localizing. 

Proof. We adopt the method of [W] Proposition 10.4.4]; I am grateful to 
the referee for suggesting this reference. 

As in fWl Proposition 10.4.4], it suffices to prove that for any A^- 
comodule M. G Ho(A.,Ab), there exists a set A of quasiisomorphisms 
Tq, : M" — 7> M. , a (z A, such that for any quasiisomorphism r : M[ M,, 
one of the maps factors through r. Let k be an infinite cardinal larger 
than the cardinality of ^ . There is at most a set of quasiisomorphisms 
Tq, : M" — 7- M. such that the cardinality of ^ M" is at most k; take them 
all. Assume given a quasiisomorphism r : M_' M,. 

Every element m G i G Z, lies in an at most countable A^- 

subcomodule M^^ C - indeed, we can take the abelian subgroup gen- 
erated by m, add to it all the left-hand sides of the structure maps 6„ of 
(I1.14p . and repeat the procedure by induction. Therefor there exists an 
74oo-subcomodule M^^^ C M_' of cardinality at most k such that the map 

induced by r is surjective for every i ^ TL. Repeating the procedure, we 
obtain a system of subcomodules M[^^ C M_', n > 1, such that M^^"^^ 
contains M.W, the map 

rf^ ■ i/.(MW) ^ F,(M.) 
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is still surjective for any 77, > 2, z G Z, and the natural map 

induced by the embedding Aff") — > M^^^ annihilates Kerr^^"^ for any 
i e Z. Let M'J = U M("-^ C M'^. Then the natural map 

r" : M'J M, 

is a quasiisomorphism by construction, and it is of the form for some a 
in the indexing set A. □ 



Remark 1.8. The proof can probably be modified so that it only requires 
our original assumptions on Ab, but I haven't pursued it for lack of inter- 
esting examples. 

Definition 1.9. The derived category ^(^4., Ab) of ^00-comodules over A, 
in Ab is the quotient of the homotopy category Ho(A., Ab) by the subcate- 
gory of acyclic objects. 

As in the algebra case, an ^00-comodules M, G Ho(^.,Ab) is called 
h-injective if it right-orthogonal to all acyclic objects. We have an obvious 
forgetful functor Ho(A.,Ab) — >■ Ho(Ab) onto the chain-homotopy category 
of complexes in Ab, and it has a right-adjoint which sends M, G Ho(Ab) 
into the cofree comodule A, Af. , with the comodule structure maps bn 
given by the structure maps of • As in the algebra case, the counit on 
A, induces a homotopy which contracts the complex 

Hom;i_ {N„A,^M,) 

onto Hom'(iV. , Af.) for any A'^. , M, G Ho(^., Ab), and this gives the adjunc- 
tion. In particular, if Af. G V{Ah) is /i-injective, the cofree Aoo-comodule 
A, is /i-injective in Ho(yl. , Ab). One is tempted now to dualize the bar- 
construction and obtain an /t-injective replacement for any M, Ho(A.,Ab). 

However, this does not work. The reason is the following: to be /i-injective, 
the cobar resolution of an ^00-comodule Af. has to be a projective limit of 
/i-injective comodules. Thus as a graded object in Ab, it is of the form 

A' O ]^(Af"0Af.). 

n>0 
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However, this is different from 

ll{A.(^AT®M.), 

n>0 

and it is the latter, not the former which can be contracted onto M. by the 
homological counit of A^o- This is why the existence of 'D{A,,Ah) has to 
be proved by an indirect method. And even when Ab is as in Lemma 11.71 
it is not clear at present whether for an arbitrary A,, any M, G Ho(yl., Ab) 
is quasiisomorphic to an /i-injective M_'. 

Remark 1.10. If A is simply a coalgebra, not an A^q or DG coalgebra, 
then more is known, since a very comprehensive study of the homological 
properties of unbounded complexes of comodules has been done recently by 
L. Positelski [P]. In particular, it has been proved in [P] that /i-injective 
replacements do exist. However, the proof is very indirect, and it is not 
clear at all whether it can be generalized to the ^oo-case. 

As in the algebra case, an A^o-ioaap / : ^. — > A[ induces a natural 
corestriction functor /* : D(A.,Ab) X'(A'_,Ab), assuming that Ab is as 
in Lemma 11.71 so that both categories are well-defined. If A[ = Z and / 
is the counit, this is the forgetful functor 'D{A,, Ah) V{Ah), and it has 
a right-adjoint given by the cofree comodule construction. In general, it 
is not clear whether /* admits a right-adjoint (and the situation with the 
left-adjoint is even worse). 

Let us list some other things that do not work for coalgebras. 

(i) There are no free comodules, only the cofree ones ( (I1.13P does not 
work, since it would involve double dualization) . 

(ii) The proof of Lemma 11.41 breaks down because an analog of ()1.12p is 
not an isomorphism. 

(iii) For those interested in such things, the category of ^cxD-comodules for 
a general A, does not admit a closed model structure (or at least, none 
such is known). 

(iv) Finally, Lemma 11.61 fails. Not only does its proof break down, the 
statement itself is false. In fact, one case where this happens will be 
the main subject of Section [6l 
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1.5.4 Categories. Informally, a (small) ^oo-category is an Aoo-algebra 
"with many objects". To keep track of the combinatorics, it is convenient 
to use the approach of [Le]. For any set S, denote by Zg-mod the category 
of S-graded Z-modules. Fix a set S, and consider the category Z^xS-mod. 
Equip it with a tensor product by setting 

for any A', A" G Z^xS-mod. This is not symmetric, but neither are the 
operads Ass and AsSoo, so that speaking about associative and ^doo-algebras 
in Z^xS-mod makes perfect sense. For any small additive category B with 
the set of objects S, the sum 

s,s' 

is an associative algebra in Z^xS-mod. Then an A^-category B, consists of 

(i) a small graded additive category B., with a certain set of objects S, 
and 

(ii) an j4oo-algebra B, in Z^xS-mod equipped with an isomorphism 

H.{B.)^B^, 

of graded associative algebras in Z5x5-iiiod. 

Our reason for making this slightly convoluted definition is that it automat- 
ically takes care of the units. As in the algebra case, we will assume that 
B,{b-, b') is a complex of free Z-modules for any two objects 6, b' G B,. 

For any map of sets / : S — )• S", we have an obvious pseudotensor 
restriction functor /* : Z^/xs'-mod Z5x5-iiiod; an j4oo-/u?^ctor between 
^oo-categories B., B[ joists of a functor / : H,{B.) H,{B[) and an ^oo- 
morphism B. — > f*B[. 

For any abelian category Ab, the category Ab^ of S*- graded objects in 
Ab is naturally a module category over the tensor category Z^xS-mod. An 
Aoo -functor from an ^oo-category B. to Ab is then an Aoo-module over B. 
in Cs such that units act by identity maps on the corresponding 0. -module 
H.{M,). As in the algebra case, we have the homotopy category Ho(,B. , Ab) 
and the derived category 'D{B,,Ab) of ^oo-functors from B, to Ab. The role 
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of free and cofree modules is played by representable and corepresentable 
functors: for any object b £ B, and any M. € Ho(Ab), these are given by 

Mf(60 = M.^B.{b,b'), M,i,{b') = Romz{B.{b',b),M.) 

for any b' B,. We also have the bar and cobar resolution, so that the de- 
rived category , Ab) is generated by representable resp. corepresentable 
functors in the same sense as the category of ^oo-modules is generated by 
free resp. cofree modules. For any Aoo-functor f : B. ^ B[ between two 
Aoo-categories, we have the restriction functor /* : P(;B^,Ab) — > T>{B., Ah) 
and its two adjoints 

/, : V{B.,Ah) ^ V{B[,Ah), h ■■ V{B.,Ah) ^ V{B[,Ah). 

An ^oo-functor f : B, ^ B[ is a quasiequivalence if the corresponding func- 
tor H,{B,) H,{B[) is an equivalence, and the natural map 

h:B.ib,b')^B[if{b),fib')) 

is a quasiisomorphism for any b, b' € B,. It is not difficult to generalize 
Lemma 11.61 and show that for a quasiequivalence /, the functors /* and /; 
are mutually inverse equivalences of the derived categories. 

We note that any small category C defines an additive category Z[C] 
with the same objects, and morphisms given by Z[C]{c,c') = Z[C{c,c')], 
where 7j[S] for a set S means the free abelian group generated by S. Then 
Z[C] can be treated as an ^oo-category (placed in homological degree 0), 
and we of course have V{C, Ah) ^ ^(zic], Ab). 

We will also need a version of this for coalgebras. In fact, it will more 
convenient to use a slightly more refined notion. Assume given a small 
category C, with the set of objects and the set of morphisms C"^°^ . 
Introduce a tensor product on the category Zc"^or-mod by setting 

{A'®A")f= A'j,(^A'}„ 

/',/"GC™°'-,/'o/"=/ 

for any A', A" € Zcmor-mod and / € C™"**. Then Zcmor-mod is a monoidal 
category, and for any abelian category Ab as in Subsection II. !( Ah^ot is a 
module category over Z^^ob-mod. 

Definition 1.11. A C-graded A^-coalgebra A. is an j4oo-coalgebra in the 
monoidal category Zcmor-mod. An Aoo-comodule in Ab over A, is an Aqq- 
module over A, in the module category Abc"""-. 
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As in the Aoo-category case, we will always assume that our graded 
coalgebras consist of free Z- modules; we will also assume that coalgebras 
and comodules are (homologically) counital in the same sense as in the non- 
graded case. Explicitly, a C-graded ^oo-coalgebra A, is given by a collection 
A.{f) of complexes of free Z-modules numbered by morphisms / of the 
category C, together with a homological counit map ^.(idc) — t- Z for any 
object c G C and a comultiplication map 

6n : o • • • o /„) ^ A.ifo) ^ ■ ■ ■ (S) A.iU) 

for any n > 2 and any n-tuple of composable maps /i, • • • , in C, subject 
to (jl.Sp . An Ab- valued ^.-comodule E, in the category Ab is a collection 
of complexes E,{c) in Ab, one for each object c € C, together with maps 

hn : E.{c) ^ A.ih) ■ ■ ■ ® A.{U) ® E.{d) 

for any n > 1 and any n-tuple of composable maps fo, . . . , fn, fo° ■ ■ ■ ° fn '■ 
c — > c' in C, again subject to (jl.Sp . 

As in the non-graded case, any C-graded ^oo-coalgebra A, produces the 
homotopy and the derived categories of ^.-comodules, denoted Ho(74., Ab) 
resp. T>{A,, Ah). For any object c € C and any complex M. in Ab, we have 
the corepresentable ^.-comodule Mf given by 

(1.16) MV)= n ^.(/)®^.- 

/:c'-S>c 

For any C-graded ^oo-map f : A, —^A[, we have the restriction functor 
/* : 2?(A.,Ab) — )• 'D{A[, Ah). As in the coalgebra case, it does not have 
to be an equivalence even if / is a quasiisomorphism in a suitable sense. 
On the other hand, assume given another small category C and a functor 
p : C — > C. Define a C'-graded Aoo-coalgebra p*A, by setting 

p*A.{f) = AMf)) 

for any morphism / in C, with the same structure maps 6„. We then have 
an obvious pullback functor 

p* ■.V{A.,Ah)^V{p*A.,Ah). 

I do not know under what assumptions, if any, either of the functors p* , f* 
has a right adjoint. 
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1.6 2-categories. To produce ^oo-categories, we will use 2-categories; we 
end the preliminaries with a brief sketch of the corresponding construction. 

Assume given a small monoidal category C, and consider the bar complex 
C,{C,Z). If C is strictly associative, then the tensor product functor ni : 
C xC ^ C induces an associative DG algebra structure on C,{C,Z) (apply 
the properties (ii) and (iii) of Subsection ll.3p . More generally, if we also 
have an object T G Fun((J, Z) and a map 

(1.17) TmT^m*T 

which is associative on triple products, then C,{T) becomes an associative 
DG algebra (plug in the property (i)). 

However, monoidal categories in nature are usually associative only up 
to an isomorphism ~ there is an associativity isomorphism momi2 — mo 771-23 
satisfying the pentagon equation. We observe that in this case C. (C,Z) is 
no longer a DG algebra, but it has an ^doo-algebra structure. 

Indeed, for any n > 2, let be the groupoid whose objects are all 
possible n-ary operations obtained from a single binary operation, and which 
has exactly one morphism between every two objects. Then /„, n > 2 form 
an asymmetric operad of categories, and any weakly associative monoidal 
category C is an algebra over this operad: we have natural functors 

/„ X C" ^ C 

for every n. The bar complexes C, {In, form an asymmetric operad of com- 
plexes of Z-modules, C. (C, Z) is an algebra over this operad, and the operad 
itself is a resolution of the trivial asymmetric operad Ass. The asymmetric 
operad AsSoo is another such resolution, and it is cofibrant. Therefore the 
augmentation map AsSqo Ass factors through a map AsSoo C.{I.,'L). 
Fixing this map once and for all, we turn the bar complex C. (C,Z) for any 
monoidal category C into an Aoo-algebra. 

Analogously, a (weakly) monoidal functor between monoidal categories 
C, C induces an ^oo-niap between the ^oo-algebras C. (C,Z), C(C',Z). 

The same construction obviously works for bar complex C,{C,T) with 
coefficients, where T € Fun(T, Z) is equipped with an associative map ()1.17p . 

Moreover, if we have a 2-category Q with a certain set of objects {c} 
and categories of 1-morphisms Q(c, c'), c, c' € C, then the same construction 
produces an ^00-category with the same objects, and with the bar com- 
plexes C. (Q(c, c'), Z) as complexes of morphisms. This is also functorial 
with respect to 2-functors, and has an obvious version with coefficients. 
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2 Recollection on Mackey functors. 



This ends the prehminaries. For the convenience of the reader, we start 
the paper itself by briefly recalling the definitions and known facts about 
Mackey functors (we more-or-less follow the expositions in [M] and |T2| ). 

2.1 Definitions. Assume given a group G, and let Tq be the category of 
finite sets equipped with a G-action. This category obviously has pullbacks. 
Define a bigger category QTg as follows: objects are the same as in Tg, 
maps from 5*1 to 5*2 are isomorphism classes of diag rams Si i — S*^ — y 
composition of Si S'l ^ S2 and S2 S2 ^ S3 is given by the diagram 
S[ S2 S3. The category QTq is self-dual, QTq = QT'^^. 
Moreover, disjoint unions of sets give finite coproducts both in the category 
and in the category QTq. Every G-finite set S gTs can be canonically 
decomposed into such a disjoint union 

(2.1) 5= ]J 5, 

peS/G 

of subsets Sp on which G acts transitively; we call them G-orbits. This 
decomposition is valid both in Tg and in QTg- 

Definition 2.1. A G-Mackey functor M is a functor M : QTg — > Ab to 

the category Ab of abelian groups which is additive in the following sense: 
for any S € QTs, the natural map 

M{Sp) ^ M{S) 
pes/G 

induced by the decomposition (12.ip is an isomorphism. 

Mackey functors obviously form an abelian category which we denote 
by M{G, Ah), or simply by M{G). By definition, M{G, Ah) is a fuU 
subcategory in Fun(QrG', Ab), and one checks easily that the embedding 
A^(G, Ab) Tun(QTG,Ah) admits a left adjoint, which we call additiviza- 
tion and denote by Add : Tun{QTG, Ah) A^(G, Ab) (in fact. Add is also 
right-adjoint to the embedding). 

For any cofinite subgroup H G G, the value M{[G/H]) of a G-Mackey 
functor M on the G-orbit [G/H] is usually denoted by . By the ad- 
ditivity property, for all H C G completely define M. Explicitly, a 
G-Mackey functor M is given by 
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(i) an abelian group M for any cofinite subgroup H ^ G, and 

(ii) two maps /* : M^i M^"" , f* : M^^ M^^ for any two cofinite 
subgroups Hi, H2 C G and a G-equivariant map / : [G/Hi] [G/H2], 

such that f*og* = {go /)* and g* o f* = {g o /)* for any two composable 
maps / : [G/Hi] [G/H2], g : [G/H2] [G/H^], and for any two maps 
/ : [G/Hi] ^ [G/H], g : [G/H2] ^ [G/H], we have 

(2.2) g*of,= fp*°9;, 

peS/G 

where we let S = [G/Hi] x [G/H2], take its decomposition ()2.ip . and let 
gp : Sp ^ [G/Hi], fp : Sp ^ [G/H2] be the natural projections. We note 
that since S/G = G\{G x G)/{Hi x H2) = Hi\G/H2, the components Sp 
correspond to double cosets HigH2 C G; for this reason, (|2.2p is known as 
the double coset formula. This is the original definition of Mackey functors 
introduced by Dress |Drj ; the version with the category QTq is due to Lind- 
ner [Li]. The collection {f^,f*) without the condition (j2.2p is sometimes 
called a bifunctor (from the category of finite G-orbits to Ab). 

Example 2.2. Representation ring: setting [G/H] 1— > Rh, the represen- 
tation ring of the group H, defines a Mackey functor, with /* given by 
restriction and given by induction. This is the origin of the notion and 
the name: the double coset formula for Rh was found by Mackey. 

Example 2.3. Cohomology: setting [G/H] 1— )■ Z), /* given by re- 

striction, given by corestriction, defines a (graded) Mackey functor. 

To obtain a third useful definition of Mackey functors, one considers 
an additive category B'^ defined as follows: objects of B*^ are finite G- 
orbits [G/H], and the set of maps from Si to 5*2 is the free abelian group 
generated by isomorphism classes of diagrams Si S ^ S2, where S is 
another finite G-orbit. Composition go f of two maps / : [G/Hi] — > [G/H2], 
g : [G/H2] [G/H3] represented by diagrams [G/Hi] ^ Sf ^ [G/H2], 
[G/H2] ^Sg^ [G/H3] is given by 

g°f = ^ig o f)p, 
p 

where we consider the decomposition ()2.ip of the fibered product S = 
Sf X[G/H2] ^g^ ^'^d (9 ° f)p be the map represented by the diagram 
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[G/Hi] ^ Sp ^ [G/H3]. Then a G-Mackey functor M is obviously the 
same thing as an additive functor B'^ — > Ab. The category B'^ can be 
described more exphcitly in terms of the so-called "Burnside rings". 

Definition 2.4. The Burnside ring of a group G is the abelian group 
generated by isomorphism classes \S\ of objects S" G in the category Fc, 
modulo the relations [Si] + [5*2] = [S'i]JS'2], and with the product given by 
\Sx\ ■ [S2] = [5i X S2\. 

Then the endomorphism ring of the trivial G-orbit [G/G] G B'^ obviously 
coincides with the Burnside ring . And more generally, given two finite 
orbits 81,82 € B'^, we have 

(2.3) ^^(^1,52)= A""-, 

pe(5ixS2)/G 

where 8p = [G/Hp] are the components in the decomposition (12. ID of the 
product 8 = 81 X 82- 

Remark 2.5. Normally the definitions in this subsection are given for a 
finite group G; however, everything works in a slightly wider generality, and 
this is sometimes useful. Of course, the category Ai{G) as defined here 
only depends on the profinite completion of the group G. There is also a 
version of Mackey functors for topological groups such as finite-dimensional 
Lie groups, see e.g. [tD] ; however, this is beyond the scope of the present 
paper. 

2.2 Functoriality. For any cofinite subgroup H C G of a group G and 
a finite H-set 8, the product 8 Xh G = {8 x G)/H is naturally a finite 
G-set, with the G-action through the second factor. This defines a functor 
7^ : Fff — )• Fq. In fact, if we denote 8 = [G/H], then 7^ is an equivalence 
between Th and the category To/ 8 of finite G-sets equipped with a map to 
8. The functor 7^ obviously commutes with fibered products, thus extends 
to a functor 7^^ : QFh Q^g- It also commutes with disjoint unions, so 
that we can define an exact functor 

Restrg : X(G) ^ M{H) 

which sends M : QTh ^ Ab to 7^ o M : QTg Ab. For any G-Mackey 
functor M € A4{G), the i/-Mackey functor Restr^(M) is called the restric- 
tion oi M to H (ZG. 
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Assume that a subgroup H C G is normal, and let = G/H be the 
quotient. Then any A^-set is also a G-set, so that we have an obvious full 
embedding Tat ^ Tc which induces a full embedding QTj\f QTq com- 
patible with disjoint unions. This induces a functor : M{G) A4{N) 
(usually ^^{M) is denoted simply by , but this might cause confusion). 
However, we also have a functor Infig : A4{N) — t- Ai{G) called inflation and 
given by "extension by 0": we set 



Infl^(M)-^ 



0, otherwise. 



1 



This is an exact full embedding. It has a left-adjoint which is denoted by 
: M{G) M{N). 

If the subgroup H C G is not normal, we can consider its normalizer 
Nfj C G. Assume that the normalizer Nh C G is cofinite in G. Then 
we can define the functor : Ai{G) — > Jv[[Nh/H) by first restricting to 
Ng{H): 

$^(M) = ^'^(Restr^^(M)). 
Analogously, has a natural structure of a {Nh /ff)-Mackey functor. 

2.3 Products. Both in Example 12.21 and Example 12. 3( the Mackey func- 
tors have an additional structure — an associative product. This is axiom- 
atized as follows (this definition is taken from [tD, Subsection 6.2]). 

Definition 2.6. A Green functor \s a Mackey functor M € M.{G) equipped 
with an associative product in each such that 

(i) for any /, the map /* preserves the product, 

(ii) for any / : [G/Hi] [G/H2], x € M^^, y G we have 

X ■ My) = f*(.f*{x) ■ y), f*{y) ■ x = f^{y ■ f*{x)). 



We note that the Cartesian product of finite sets defines a functor m : 
QTg X QTg Q^G'i this induces a symmetric tensor product on the cate- 
gory M{G) by 

M®N = Add{mi{M M N)). 

A Green functor is then the same as a Mackey functor equipped with an 
algebra structure in the symmetric tensor category A4{G). For example, 



30 



to see the condition (i), one can argue as follows. Consider the natural 
embedding i : Tg*^ QFc- Then for any M,N,K e M{G) we have 



Rom{M N,K) = Rom{Add{mi{M M N)), K) 

= Hom(m!(M mN),K)= Hom(M M N, m*K), 

and since m* commutes with i* , every map M ® N ^ K induces a map 
i*M ® i*N — >■ i*K, where the tensor product on Fun(r^^,Ab) is again 
given by the direct image m\ with respect to the product functor m : Tq^ x 
-popp — ). r^^. However, on Vq^, this product functor is left-adjoint to the 
diagonal embedding 5 : Tq^ Tq'^ x Tq'^; therefore mi =5*, and the 
tensor structure on Fun(r^^, Ab) is in fact given by the pointwise product, 
so that for any Green functor M G A4{G), the restriction i*M is simply a 
functor from to the category of rings. 

Since the point orbit [G/G] G QTq is the unit object for the product 
functor m, the Mackey functor A, [G/H] i-> B'^{[G/G], [G/H]) it represents 
is the unit object for the tensor product of Mackey functors and in particular, 
a Green functor. This Green functor A is called the Burnside ring Green 
functor — indeed, by (|2.3p . the component A^ is exactly the Burnside ring 
of the finite group H. Every Mackey functor M G M{G) is then a module 
over the Burnside ring Green functor A. 

3 The derived version. 

Since the category Ai{G) of G-Mackey functors is abelian, one can consider 
its derived category D{A4{G)). However, as we have explained in the In- 
troduction, its formal properties are somewhat deficient. The goal of this 
paper is to suggest a cure for this by defining a certain triangulated category 
which contains A4{G) but differs from P(A^(G)), and has all the properties 
one would like to have. 

The idea behind the construction is very simple. In the definition of 
the Burnside ring A'^, and more generally, in the definition of the additive 
category we take abelian groups spanned by isomorphism classes of 
certain objects - in other words, we take the 0-th homology group Hq of 
a certain groupoid. The correct thing to take at the level of triangulated 
categories is the full homology, not just its degree-0 part. 

There are several ways to make this precise. In this section, we give a 
construction which uses Aqo methods and bar-resolutions. 
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3.1 The quotient construction. Assume given a small category C which 
has fibered products. Then we can obviously define a category QC as follows: 
objects are objects of C, maps from ci G QC to C2 G QC are given by 
isomorphism classes of diagrams ci c — )• C2, and compositions are given 
by the fibered products, as in Subsection 12. II 

However, we can refine the construction. Let QC be the 2-category whose 
objects are again the objects of C, and such that for any ci,C2 G C, the 
category QC(ci, C2) of maps from ci to C2 in QC is the category of diagrams 
ci c ^ C2 and their isomorphisms. If C also has a terminal object, thus 
all products, we can equivalently set Q(ci,C2) = Q{ci x C2), where Q(c) for 
an object c € C is the category of objects in C equipped with a map to c and 
their isomorphisms. The composition is again given by fibered products. 

Since fibered products are associative up to a canonical isomorphism, 
QC is a well-defined 2-category. We denote by the ^oo-category in the 
sense of Subsection 11.51 associated to QC by the procedure described in 
Subsection 11.61 Thus the objects in B^ are again the same as in C, maps 
from ci to C2 are given by 

^f(ci,C2) = C.(QC(ci,C2),Z), 

where Z in the right-hand side is the constant functor with value Z, and com- 
positions are induced by the 2-category structure on QC. We note that by 
definition, this ^oo-category is concentrated in non-positive cohomological 
degrees. 

Definition 3.1. The derived category 'D{B^ , Ah) of ^oo-functors from B'^ 
to Ab is denoted by PQ(C, Ab). 

We note that every map / : ci — >■ C2 in the category C canonically 
defines a 1-map from ci to C2 in the 2-category QC, and we have a 2-functor 
C — > QC, where C is understood as a discrete 2-category. The bar complex of 
a discrete category with the set of objects S is canonically quasiisomorphic 
to the free abelian group Z[S] generated by S; therefore by restriction, we 
obtain a canonical functor Ab) — )• V{C,Ah). Analogously, we have a 

canonical functor VQ{C, Ah) V{C°pp, Ah). 

Assume that the category C, in addition to fibered products, has finite 
coproducts. 

Definition 3.2. An ^oo-functor M. G VQ{C, Ah) is additive if its restric- 
tion M. G T>{C°PP, Ab) is additive in the sense of Subsection 12.11 for any 
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c, c' G C, the natural map 

M.{cUc') ^M.{c)(BM.{c') 

induced by the embeddings c — )■ c]Jc', c' — t- c]Jc' is a quasiisomorphism. The 
fuh subcategory in DQ(C, Ab) spanned by additive ^oo-functors is denoted 
hyVQadd{C,Ah)cVQ{C,Ah). 

In particular, let G be a group, and let be the category of finite 
G-sets. 

Definition 3.3. A derived G-Mackey functor is an additive object in the 
category PQ(rG,Ab). The category VQaddi^G, Ah) of derived G-Mackey 
functors is denoted by VM-iG, Ah). If Ab = Z-mod is the category of 
abelian groups I'A^(G, Z-mod) is denoted simply by I'A^(G). 

3.2 Example: the trivial group. To illustrate the general notion of a 
derived Mackey functor, consider the case of the trivial group G = {e}, so 
that Fg = r. Of course, A^({e},Ab) = Ab; we would expect the same to 
hold of the derived level. Let us check that this is indeed so. 

To do this, consider the subcategory r_|_ C QF with the same objects, 
and those 1-morphisms Si ■i^ S ^ S2 for which the map S ^ Si is injective. 
We note that such diagrams have no non-trivial automorphisms; therefore 
the 2-category structure on r+ is trivial and we can treat it as a usual 
category. Here are two equivalent descriptions of r+. 

(i) The category whose objects are finite sets 5", and whose morphisms 
from Si — >■ ^2 are "partial maps" / : Si — 5*2 - that is, maps to 52 
defined on a subset S C Si. 

(ii) The category of finite sets S with a fixed point 1 G 5. 

Here (i) is just a restatement of the definition, and the passage from (i) to 
(ii) is by formally adding the fixed point (on morphisms, all elements in the 
set S'l where a partial map f : Si — * 52 is undefined go into the added 
fixed point). Denote by 

A* : PQ(r,Ab) ^ V{F+,Ah) 

the functor given by restriction with respect to the embedding A : r+ QF. 

For any finite set S, denote by T{S) = Z[5] the free abelian group it 
generates. Then the correspondence S i-> T(S) obviously defines an object 
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T € X'Q(r, Z-mod): for any map / : 5i — )• 82, the map /* : T{Si) T{S2) 
is induced by /, and the map /* : T{S2) T{Si) is the adjoint map, 

r(H)= E [-^'i 

s'G/-l(s) 

for any element s G 82- The object T G X'Q(r,Z-mod) is additive in 
the sense of Definition I3.2i Restricting it to r+ gives an object A*(T) G 
Fun(r-|-, Z-mod) which we wih denote by the same letter T by abuse of 
notation. 

Lemma 3.4. (i) For any M. G P(Ab) and any M[ G DQ(r,Ab), the 
natural map 

(3.1) RHom^2(r,Ab)(^:,7^^M.) ^RHomi,(r^^Ab)(A*(M:),T^M.) 

is an isomorphism. 

(ii) The functor D{Ah) DQ(r, Ab) given by M. ^ T ® M. is the full 
embedding onto X'Qarfrf(r, Ab). 

Proof. We will need some semi-obvious facts on the structure of the category 
Fun(r+, Z-mod) (see e.g. [Ka, Section 3.2]). A standard set of projective 
generators of this category is given by representable functors T„, n > 0, 
explicitly described by 

r„(s) = z[(5U{i})"]. 

We have T„ = T®". In particular, Tq = Z, the constant functor with value 
Z. Moreover, we have a direct sum decomposition Ti = T © Tq. Therefore 
the tensor powers T*^" are also projective, and give another set of generators 
for the category Fun(r_|_, Z-mod). These generators are semi-orthogonal: we 
have Hom(T^'",r®'") = when n > m. In addition, Hom(ro,T^") = for 
any n > 1. Explicitly, 

(3.2) T^"(5) = Z[S"] 

for any S G r+. We also note that we have Hom(T, T) = Z, which 
immediately implies that M ^ T ® M gives fully faithful embeddings 
Ab C Fun(r+, Ab), P(Ab) C P(r+, Ab). 

The category DQ(r, Ab) is generated by representable Aoo-functors 
of the form 

Mf{S') = C.{Q{S,S'),'L)®M 
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for all M G Ab, S & T. Therefore it is sufficient to prove (i) for objects of 
this form. Fix a finite set S' £T and an object M' G Ab, and let M_' = M^^ . 
Explicitly, we have 

MliS) = 0C7.(Sg,M'®Z[r(5,5 X S')]), 

where is the group of automorphisms of the finite set S. This direct sum 
decomposition is not functorial with respect to S. However, if we restrict to 
r_|_, then the increasing filtration F, on X*{M[) given by 

FnX*{M:){S)= C.{^§,M'0Z[T{S,SxS')]) 

\S\<n 

is functorial {\S\ denotes the cardinality of the set S). The associated graded 
quotient is given by 

(3.3) gr^A*(M:) = C.(Sg,M'0Z[r(5,5')]®r^"), 

where we have used ()3.2p . and S is the set of cardinality n. By semi-ortho- 
gonality of the generators T®", this implies that 

RHom"(gr^ X*{M[),T M,) = 

for n 7^ 1, so that 

RHom'(A*(M.'),r0M.) =RHom'(grf A*(M.'), T ® M.) 

= RHom;,(r+,Ab)(^ O M', T ® M.) Z[S'] 
= RHomAb(M',M.) Z[S']. 

Since M_' = My is represent able, this is exactly the left-hand side of (I3.ip . 
so that we have proved (i). 

As for (ii), (i) immediately implies that the functor P(Ab) — > 'DQ{T, Ab) 
is a full embedding, and since T S T>Q{T, Z-mod) is additive, we in fact have 
a full embedding X'(Ab) C VQaddiX, Ab). To prove that it is essentially sur- 
jective, it suffices to prove that its contains all objects M. € DQadd(r,Ab) 
which are concentrated in a single cohomological degree. But such objects 
are Mackey functors in the usual non-derived sense, so they are all of the 
form T(g)M, M e Ab. □ 
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3.3 Wreath products. Definition 13.31 is a DG version of tlie first defi- 
nition of a Mackey functor given in Subsection 12.11 To get a more explicit 
description of the category DM^G), we need to somehow use the additiv- 
ity condition and replace the Aoo-category B^'^ with an ^oo-category whose 
objects are G-orbits, not all finite G-sets. We do it by using the structure 
of a "wreath product" of the category Tq of finite G-sets. 

For any small category C, by the wreath product C IT of C with the 
category F of finite sets we will understand the category of pairs (5, {cs}) 
of a finite set S and a collection of objects G C, one for each element 
s S 5, with maps from (S, {cs}) to (S",{cg}) being a pair {f,fs) of a map 
/ : S" — > S" and a collection of maps fs'-Cg^ ^'f{s) ' each s S 5. 

By definition, we have a forgetful functor p : C IT ^ T , {S, {cg}) ^ S. 
The functor p is a fibration; its fiber ps over a finite set S G F is canonically 
identified with , the product of copies of C indexed by elements of the set 
S. In particular, C itself is naturally embedded into C ; F as the fiber over 
the one-element set pt G F. We will denote this embedding by j'' : C — ?> C^F. 

Irrespective of the properties of the category C, the category C I F has 
finite coproducts. In a sense, it is obtained by formally adjoining finite 
coproducts to C - this can be formulated precisely as a certain universal 
property of wreath products, but we will not need this. Another way to 
characterize C ^ F by a universal property is the following: for any category 
C fibered over F, any functor / : C'p^ C from the fiber Cp^ over the one- 
element set pt € F extends uniquely to a Cartesian functor C' — > C ? F. We 
will need the following easy corollary of this fact. 

Lemma 3.5. Assume given a small category C and an object S (z C I T . 
Then the category {Cir)/S of objects S' € ClT equipped with a map 5' — )■ 5 
is naturally equivalent to the wreath product (C/S) I T, where C/S is the 
category of objects c G C equipped with a map j^{c) S. 

Proof. The projection {ClT)/ S — )• F which sends S" — )• 5 to p{S') is obviously 
a fibration; the universal property of wreath products then gives a Cartesian 
comparison functor 

(C ; T)/S ^ {C/S) I F, 

which is obviously an equivalence on all the fibers, thus an equivalence. □ 

In the assumptions of Lemma 13.51 denote by Q}{S) C {ClT)/S the 
subcategory with the same objects as {ClT)/S and those maps which are 
Cartesian with respect to the fibration {ClT)/S F. Equivalently, we have 
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Q}{S) =C/S IT, where C/S cC/S is the subcategory whose objects are all 
objects in C/S, and whose maps are isomorphisms in C/S. 

More generally, given two objects Si, S2 & ClT, denote by {ClT)/{Si, S2) 
the category of objects S € C iF equipped with maps S ^ Si, S ^ S2, let 
C/{Si,S2) C (C?r)/(5i, ^2) be the fiber of the projection (C?r)/(5i, ^2) ^ V 
given by (^i ^ ^ ^ ^2) ^ p{S), so that (C I V)/{Si, S2) = (C/(5i, ^2)) I T, 
and let C/{Si,S2) C C/{Si,S2) be the groupoid of isomorphisms of the 
category C/ {Si , 52). Denote 

Q\Si,S2) =C/{Si,S2)lT c (C I r)/{Si,S2), 

and assume that the category C I T has fibered products. Then these fibered 
products define associative composition functors 

(3.4) m:{Cl T)/{Si,S2) x (C ; T)/{S2, S3) ^ (C I r)/(5i, ^3) 

which induce composition functors on the categories Q'(— , — ). This allows 
to define a 2-category which we denote by Q'C: it objects are the objects of 
ClT, and its categories of morphisms are Q}{—,—). 

Note that for any Si, S2 £ ClT, we have a natural embedding Fc{Si, S2) ■ 
Q{Si,S2) Q'('S'i, S'2), and these embeddings are compatible with fibered 
products, thus glue together to a 2-functor 

fc-Q(.cir)^Q\c). 

Both 2-categories here have the same objects and the same 1-morphisms; 
the difference is that the right-hand side has more 2-morphisms - the em- 
beddings Fc{—, — ) are identical on objects and faithful, but not full. 

We prove right away one technical results on the categories ,— ) 
which we will need later on. Any object c G C C C IT defines a functor 
j'^ : r — )■ C 2 r which sends a finite set S to the union of S copies of c. This 
functor preserves fibered products, thus gives a 2-functor : QT — ?• Q{ClT), 
a restriction functor j"^* : VQ{C I T, Ab) — )■ VQ{r, Ah), and a right-adjoint 
functor : VQ{T, Ah) VQ{C I T, Ah). 

Lemma 3.6. For any E, G T>Q(T, Ah) and any S G ClT , we have a natural 
quasiisomorphism 

jCE.iS) ^ C.iQHc, S)'^^,p°PP*E.), 

where E, in the right-hand side is restricted to T°'pp C QT and then pulled 
hack to Q}{c,S)°'P'P by the opposite p°PP to the projection 

p:Q'{c,S)=C/ic,S)lT^T. 
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Proof. Denote the embedding r°PP QF by A, and let Ai : V{r°PP, Ab) ^ 
X>Q(r,Ab) be the left-adjoint functor to the restriction functor A*. Then 
for any M. G P(Ab) we have 

RRom' {M„C.{Q\c,S)'^,p"PP*E.)) ^ RRom {X^,p'rT* M„ E,), 

where r : Q}{c,S)'^ — > pt is the tautological projection. Thus by adjunc- 
tion, it suffices to prove that 

Xlp'^T*M. ^ f*Mf. 

To construct a map / : \\p°^^T*M, — )• f*Mf , it suffices by adjunction to 
construct a map t*M, p°PP*\*f*Mf , that is, a compatible system of 
maps 

M. ^ p'^P*\*f*Mf{S') ^ H.{Q{S,f{p{S'))),M,) 

for any S' G (c, S) ; these maps are induced by obvious tautological maps 
Z^H.{Q{S,f{p{S'))),Z). 

To prove that the map / is an isomorphism, wc first need a way to 
control the functor Ai. For any finite set 5 G T, let T/S be the category of 
all finite sets S''_equipped with a map S' ^ S and isomorphisms between 
them, and let : {T / S)°^^ — >■ r°^^ be the natural projection which sends 
[S' — )• S\ to S' Then we obviously have 

A*Z^ ^ Z G V{T°PP, Z-mod), 

and by adjunction, this yields a canonical isomorphism 

A,iV.(S) ^ H.{(T/S)"PP,K^*N.), 

for any N. G P(r°PP,Ab). 

Now apply this to N, = p°^^T*M,. Since p°PP is a cofibration, we may 
compute K^*p^^ by base change; this gives a canonical isomorphism 

H.{{T/SyPP,K^*p"PPT*M.) ^ H.{Q'{c,S,S)"PP,M.), 
where Q'(c, S, S) is the category obtained as the Cartesian product 

Q'{c,S,S) > T/S 

Q'(c,5) > r. 
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It remains to notice that the category Q'{c,S,S) is canonically identified 
with Q{S,f(S)), so that 

H.iQ'{c,S,SrP,M.) ^ H.iQ{S,f(S)r'P,M.)^rMf(S). 

Thus the map / becomes an isomorphism after evaluating at every object 
S € QF, as required. □ 



3.4 Additivization of the quotient construction. Now let us consider 
again the functor T £ 'DQ{T, Z-mod) of Subsection 13.21 and let us restrict 
it to an object T € Pun(r, Z-mod) by the embedding T — > QT. This T € 
Fun(r, Z-mod) is isomorphic to the functor Z[]^] represented by the set [1] G T 
with a single element. For any 5 G F, let r5 : Z —> Z[S] = T{S) be 
the diagonal embedding. The maps ts are not functorial with respect to 
arbitrary maps of finite sets S; however, they are functorial with respect to 
isomorphisms. Thus if we denote by F C F the category of finite sets and 
their isomorphisms, then we have a map of functors 

(3.5) r : Z ^ t*T, 

where Z G Fun(F, Z-mod) is the constant functor with value Z, and t : F ^ F 
is the embedding. 

For any small category C, we will denote the pullback p*T G Fun(C;F, Z) 
with respect to the forgetful functor p : C ; F — > F by the same letter T. By 
base change, we have 

r^p*Z[i] ^ jPzc, 

where Zc G Fun(C, Z) is the constant functor with value Z, and L*jpZc = 
for i > 1. Therefore the natural map 

(3.6) H.iCZc) ^ H.{ClT,T) 

is an isomorphism. 

Assume that the wreath product category C I F has fibered products, 
and consider the 2-category Q'(C). Then for any 81,82 G ClT, the category 
Q'(S'i, 5*2) = C/{8i, 82) I F carries a natural Z-mod-valued functor 

p*T^ G Fun(Q'(5i,S2), Z-mod), 

where j-^i'-^^ . C/{Si,82) Q^{8i,82) denotes the natural embedding. 
Moreover, for any S*!, 52,^3 G C iT, the composition functors (|3.4|) induce 
functors 

fn = if''^' X j^2,53) o m : 0/(81,82) x 0/(82,83) ^ Q'^i, ^2, 
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and by definition, all the maps in the category C/{Si,S2) are invertible, 
so that the composition pom actually goes into F C F. Therefore the 
canonical map r of (j3.5p induces a map r5^,s2,53 • ^ ~^ m*T. These maps 
are associative on triple products in the obvious sense. By adjunction, they 
induce maps 

(3.7) fiSuS2,s, -.TMT^ X f^'3^),Z ^ m*T, 

and these maps are also associative on triple products. 

As in the Subsection 13. H the procedure of Subsection 11.61 gives an -Aqo- 
category Bl^ with the same objects as C ^ F by setting 

Bf{Si,S2) = C.{Q'C{Si,S2),T), 

with compositions induced by the 2-category structure on Q}C and the 
canonical maps fi of (13. 7p . 

Definition 3.7. The derived category I){B[^ , Ah) of Aoo-functors from B^^ 
to Ab is denoted by PQ'(C, Ab). 

We note that for any 81,82 € C ? F, the natural functor F : Q{Si, 82) 
Q\8i,82) again goes into F C F when composed with the projection p : 
Q}{8i,82) F; therefore the map r of (|3.5p induces maps Z F*T, and 
the 2-functor Fq : Q{ClT) Q}C extends to an Aoo-functor Fc : -Bf'^ ^ B^^ . 
The main comparison result that we want to prove is the following. 

Proposition 3.8. The functor : Ab) VQ{C I F, Ab) induced 

by Fc gives an equivalence 

VQ\C, Ah) ^VQaddiCir, Ah). 

Remark 3.9. The appearance of the functor T in the definition of the 
j4oo-category B^^{—,—) looks like a trick. One motivation for this comes 
from topology. The categories QC{—, — ) are symmetric monoidal categories 
with respect to the disjoint union. Applying group completion to their 
classifying spaces |QC(— ,— )|, one obtains infinite loop spaces. Then the 
complex B^^{—, — ) simply computes the homology of the corresponding fi- 
spectrum (as opposed to B'^{—,—), which computes the homology of the 
classifying space |QC(— , — )|). We do not prove this since we will not need 
it, but the proof is not difficult (for example, it can be done along the lines 
of [Kil Section 3.2]). 
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3.5 The proofs of the comparison results. Before we prove Proposi- 
tion 13. 8| let us explain why it is useful. Assume given a small category C 
such that C I T has fibered products, and denote by 

(3.8) C Bf 

the full subcategory spanned by C C C ; F. Let Ab) be the derived 

category of ^oo-functors from B^ to Ab. 

Lemma 3.10. Restriction with respect to the natural embedding B^^ 
induces an equivalence 

R : VQ\C, Ab) ^ VQ{C, Ab). 

Proof. Let E : VQ{C, Ab) VQ^{C, Ab) be the left-adjoint functor to R. It 
suffices to prove that E is essentially surjective, and that the adjunction map 
Id — )• i?oi? is an isomorphism. The second fact is obvious: by adjunction, E 
sends representable functors into representable functors, and since 
is a full subcategory, E does not change the spaces of maps between them. 
It remains to prove that E is essentially surjective. Since PQ'(C, Ab) is 
generated by representable functors , 5 G C ? F, M G Ab, it suffices to 
prove that all these functors lie in the essential image of E. By induction 
on the cardinality |/o(5')|, it suffices to prove that 

for any M G Ab, 81,82 eClT. 

Indeed, assume given such an M and 5i, ^2. Explicitly, we have 

^SiLJ^2(^/) ^ C.iQ}{8,8'),T)0M 

for any 8' € ClT. We have 

(3.9) QKS1US2, S') ^ Q'(5i, 5') X Q'(52, 8'), 
and 

(3.10) T ^ (vr^l'rKvr^Z) e (vr^Z^vr^T), 

where tti and tt2 are the projections onto the factors of the decomposition 
p.9p . and Z means the constant functor with value Z. The direct sum 



41 



decomposition (j3.10p is functorial with respect to S', thus induces a certain 
direct sum decomposition TWfiU-^a ^ j^i ^ jj^j.^ j^i gjyen by 

M}{S') = C.{Q\Si,S') X Q\S2,S'),7rlTm7r*Z), 

and by the Kiinneth formula, this is canonically quasiisomorphic to 

Mf^{S')^C.{Q'{S2,S'),Z). 

Since the category Q^{S2,S') is a wreath product, it has an initial object, 
thus no homology with constant coefficients, H,{Q\S2, S'),Z) = Z, and we 
conclude that Mj ^ Mfi. Analogously ^ Mf^. □ 

Lemma 13.101 shows that Proposition 13.81 allows one to get rid of the 
additivity assumption in the definition of the category VQaddiClT, Ab) and 
reduces everything to an ^oo-category whose objects are those of C, not of 
C IT. This has the following immediate corollary. 

Corollary 3.11. Assume that the small category C itself has fibered prod- 
ucts. Then there exists a natural equivalence of triangulated categories 

VQ{C, Ah) ^VQ\C, Ah). 

Proof. By Lemma [3. 101 it suffices to construct an equivalence VQ^C, Ah) = 
VQ{C, Ah), or equivalently, a quasiisomorphism of ^oo-categories 13^ = 13^. 
Both ^oo-categories have the same objects, the objects of the category C. For 
any ci,C2 S C, the natural embedding Q(ci,C2) — ?• Q\ci,C2) = Q(ci,C2) iT 
induces a map 

B':{ci,C2) = C.{Q{ci,C2),Z) ^ B'^{ci,C2) = C.{Q\ci,C2),T), 

these maps are obviously compatible with compositions, and they are all 
quasiisomorphisms by (|3.6p . □ 

We will now prove Proposition 13.81 To do this, recall that for any object 
c E C, we have the embedding j'^ : QT Q{C I T) and the corresponding 
restriction functor j'^* : T>Q[ClT, Ab) PQ(r, Ab). Moreover, j'^ obviously 
extends to an embedding j'^ : Q'(pt) Q'(C), and we have a restriction 
functor j^* : DQ'(C, Ab) PQ'(pt,Ab). These are compatible with the 
functors of Proposition 13.81 we have a commutative diagram 

PQ(r,Ab) VQ{ClT, Ah) 

(3.11) 

PQ'(pt,Ab) VQ\C, Ah). 



F* 
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Of course, by Corollary EH] we have PQ'(pt, Ab) ^ PQ(pt, Ab) ^ P(Ab), 
and j^* : VQ^C, Ah) D(Ab) is simply the evaluation at c € Q'(C). 

Lemma 3.12. Denote by fc\, f'ptl the functors left-adjoint to and Fp^. 
Then the base change map 

Fpt! o f* Ji* o Fc! 
obtained by adjunction from ()3.1ip is an isomorphism. 

Proof. Since VQ{C I T, Ab) is generated by representable objects , it 
suffices to prove that 

RHom' (Fpt!j'=*M5, M[) ^ RHom" (if^FciAff, M'J 

for any M.,M.' € P(Ab), S" € C. By adjunction, FciM^ = MfcCS")^ go that 
the right-hand side is isomorphic to 

RHomQ,(^_^)(r, Z)) ® RHom'(M., M.'). 

The left-hand side by adjunction is isomorphic to 

RHom'(j^*M5, f*piM[) ^ RHom" (j'Uff, M.' ® T), 

which is isomorphic to 

RHomg,(5^^)„pp(Z, T)) (g) RHom" (M. , M[) 

by Lemma 13.61 It remains to notice that 

RHomg,(_5^^j„pp(Z,T)) = RHomg,(5,^^)(T,Z)) 

identically, if both sides are understood in the sense of p.5p . □ 

Proof of Proposition \3.8l It suffices to check that 

(i) the adjunction map F^i o F^ — > Id is an isomorphism, so that F^ is fully 
faithful, and 

(ii) an additive object M. G PQarfrf(C ? F, Ab) with trivial Fc!(M.) is itself 
trivial, so that is essentially surjective. 

By Lemma 13.101 it suffices to check (i) after evaluating on all c G C C C ; P, 
and by Lemma 13.121 this amount to checking (i) with C replaced by pt. 
Analogously, the restriction functor j^* obviously sends T>Qadd{C- I TjAb) 
into PQarfrf(r, Ab), and an object M. G VQ{C I L, Ab) with trivial j''*{M.) 
for all c G C is itself trivial; thus by Lemma [3.12l (ii) can also be only checked 
for C = pt. Conclusion: it suffices to prove the Proposition for C = pt. This 
has been done already - combine Lemma 13.101 and Corollary 13. ll} on one 
hand, and Lemma 13.41 on the other hand. □ 
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3.6 Derived Burnside rings. Now again fix a finite group G and take 
C = Tg, the category of finite G-sets. Define a functor p : — )• F by 
setting S ^ S/G, the set of G-orbits on S. This functor is a fibration, and 
moreover, we actually have an identification Tq — Oq I F, where Og is the 
category of finite G-orbits, and p is the tautological projection Og ? F — > F. 
Therefore we can also consider the 2-category Q'(Og) and the associated 
gory B^^ of (|3.8p whose objects are finite G-orbits. To simphfy 
notation, denote 

then the following is a reformulation of Proposition 13.81 and Lemma 13.101 
(with C = Og). 

Proposition 3.13. The triangulated category T>A4{G) of derived G-Mackey 
functors is equivalent to the derived category of Aoo- functors Bf — > Ab. □ 

This Proposition allows us to do some computations in the category 
'DA4{G); in particular, spelling out the definitions, we can now define a 
derived version of the Burnside ring A^. Let T = p*T e Fun(FG,Z-mod), 
so that T{S) = Z[S/G] = Z[Sf. For every Si, ^2 G Fg, let 

fis^,s2 ■■ nsif ® ns2f = nsi x ^2]^^^ ^ z[Si x ^2]^ 

be the natural embedding. Taken together, these maps give a map 
(3.12) fi :TMT ^ m*T, 

where, as in Section O m : Fg x Fg Fg is the product functor (this map 
fj, is of course the special case of ()3.7p for = 52 = 5*3 = {pt}). 

Definition 3.14. The derived Burnside ring A'^ of the group G is the com- 
plex C,{Tg,T), with the ^oo-structure induced by the Cartesian product of 
G-sets and the canonical map 

o p : G. (Fg X Fg, T S T) ^ G. (Fg x Fg, m*T) ^ G. (Fg, T), 

where p is as in (13.121) . 

By definition, A'^ is a j4oo-algebra over Z (and its homology algebra 
H,{Af) is commutative). It is isomorphic to Bg{[G/G],[G/G]), where 
[G/G] is the trivial G-orbit (the point set pt with the trivial G-action). 

Lemma 3.15. Assume given a group G. 
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(i) The 0-th homology Ho{A'^) of the derived Burnside ring IS isomor- 
phic to the usual Burnside ring A'^ , and the 0-th homology Hq{B^) 
of the Aao- category is isomorphic to the additive category of 
Sub section {2^1 

(ii) For any two G-orbits Si, S2, we have a natural quasiisomorphism 
(3.13) ^f(5i,52)= A^", 

pe(5ix52)/G 

where Sp = [G/Hp] are the components in the decomposition (|2.ip 
of the product S = Si x S2, and this quasiisomorphism induces the 
isomorphism (j2.3p on 0-th homology. 

Proof. The quasiisomorphism (j3.6p in our new notation reads as 

= C.(Og,Z), 

so that the 0-th homology of A^ is the 0-th homology of the groupoid Og of 
G-orbits; this is precisely the Burnside ring A'^. The decomposition ()3.13p 
follows from the decomposition 

Q\si,s2)^ n 

pe(SixS2)/G 

by the same argument as in the proof of Lemma 13.101 Combining together 
(I3T3]1 . (foil and the isomorphism Ho{A^) ^ A*^ gives the isomorphism 
Hq{B^) = B'^ . It remains to prove that this isomorphism is compatible 
with the compositions; this is a straightforward check which we leave to the 
reader. □ 

4 Waldhausen-type description. 

The construction of the triangulated category T)M[G) of derived Mackey 
functors given in the last Section is very explicit but somewhat deficient, 
since it relies on explicit resolutions and A^ methods. We will now give a 
more invariant construction. To do this, we modify the quotient construction 
Tg ^ Q^G of Subsection 13.11 in a way which is similar to the passage from 
Quillen's Q-construction to Waldhausen's S'-construction in algebraic K- 
theory. 
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4.1 Heuristic explanation. Let us first explain informally what we are 
going to do (this Subsection is purely heuristic and may be skipped, formally, 
nothing in the rest of the paper depends on it). Recall that a simplicial set 
X is by definition a contravariant functor from the category A of finite non- 
empty totally ordered sets to the category of all sets. For any non- negative 
integer n > 1, we will denote by [n] G A the set with n elements, or, to be 
specific, the set of all integers i, 1 < i < n; we will also denote Xi = X{[i\) 
for any i > 1. An Ah-valued sheaf M on X is a collection of 

(i) a functor M„ : X„ Ab for every n > 1, and 

(ii) a map M{f) : M„/ X{f)*Mn for every map f : [n] ^ [n'], 

subject to standard compatibility conditions. Here in (i), we treat the set 
Xfi as a discrete category, so that M„ is effectively just an X„-graded object 
in Ab; in (ii), X{f) : X„/ — )• X„ is value of the functor X : A°pp Sets on 
the map /. 

There is the following convenient way to pack together these data (i), 
(ii), and also the compatibility conditions. Let us not only treat the sets 
Xn as discrete categories, but also treat X as a functor A°pp — > Cat. Then 
we can apply the Grothendieck construction of Subsection 11.21 The result 
is a category S{X) fibered over A; explicitly, objects in S{X) are pairs 
{n,x G Xn), and a map from {n,x G Xn) to {n',x' G Xn) is given by a 
map / : [n] — 7> [n'] such that X{f){x') = x. One immediately checks that 
in this notation, a sheaf M on X is exactly the same thing as a functor 
M : S{X) Ab. 

Now assume given a small category C. Recall that to C, one canonically 
associates a simplicial set N{C) called the nerve of C, and to any functor 
E G Fun(C, Ab), one associates an Ab- valued sheaf E on the nerve - in other 
words, we have a natural embedding 

(4.1) Fun(C, Ab) ^ Fun(S(iV(C)), Ab). 

Explicitly, N{C)n is the set of diagrams ci — )• • • • — )• c„ in the category 
C; the functor E : S{N{C)) — >■ Ab sends a diagram ci c„ to 

E{cn)- For any map / : [n'] — )• [n], the map N{C){f) sends a diagram 
ci ^ • • • — )• c„ to the diagram cj(i) ^ ^f{n')-, and the corresponding 

map E{f) : E{cf(^n')) ~^ E{cn) is induces by the natural map cj(„/) — )• c„. 

The embedding (j4.ip is fully faithful but not essentially surjective ~ not 
all sheaves on N{C) come from functors E G Fun(C,Ab). Indeed, for any 
sheaf of the form E, the map E{f) is an isomorphism whenever the map 
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/ : [n'] —7- [n] sends n' to n ~ that is, preserves the last elements of the 
totally ordered sets. However, this is the only condition: the essential image 
of embedding (gJ]) consists of such M G Fun(S'(iV(C)), Ab) that M(/) is a 
quasiisomorphism whenever / preserves the last elements. Indeed, it is easy 
to see that such a sheaf M is completely defined by the following part of (i) , 
(ii): 

(i) the functor Mi : iV(C) i ^ Ab, and 

(ii) the map 

(4.2) M(s) : s*Mi ^ M2 = t*Mi, 

where the maps s,t : [1] [2] send 1 G [1] to 1 € [2], resp. to 2 G [2], 

subject to some conditions. This is exactly the same as a functor from 
C to Ab: Mo gives its values on objects of the category C, and the map 
s*Mi —?■ t*Mi encodes the action of its morphisms. 

The same comparison result is true on the level of derived categories: 
the functor 

(4.3) V{C, Ab) ^ V{S{N{C)), Ah) 

is a fully faithful embedding, and its essential image consists of such M, G 
;S(S'(A^(C)), Ab) that M. (/) is a quasiisomorphism whenever / preserves the 
last elements. 

Now, the observation that we would like make is that small 2-categories 
also have nerves. Of course, the nerve N{C) of a 2-category C is a simplicial 
category rather than a simplicial set; however, the Grothendieck construc- 
tion still applies, and the fibered category S{N{C))/A is perfectly well de- 
fined. The only new thing is that the fibers of this fibration are no longer 
discrete. As it happens, this changes nothing: if we define the triangulated 
category V^C, Ab) by the bar-construction, as in Subsection 11.61 then we 
still have a fully faithful embedding (|4.3p . with the same characterization 
of its essential image. However, since S{N{C)) is a usual category, not a 
2-category, the right-hand side T>{S{N{C)), Ah) can be defined in the usual 
way, with no recourse to 2-categorical machinery and methods. 

Return now to the situation of Subsection 13.11 - assume given a small 
category C which has fibered products. In principle, we could simple apply 
the above discussion to the 2-category Q{C). However, we will actually 
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do something slightly different. Namely, we can define nerves in an even 
greater generality: instead of a 2-category, we can consider a "category in 
categories", where not only morphisms form a category, not just a set, but 
also objects do the same thing. 

It is probably not worth the effort to axiomatize the situation; instead, 
let us give the specific example we will use. Let C''^] be the category of arrows 
Cl C2 in C, with morphisms given by Cartesian squares 

Cl > C2 

c'l > c'2. 

Consider the opposite category C^'^^^^p. We have two projections s, resp. t 
from C[2]°PP to C°PP which send an arrow ci C2 to its source ci, resp. its 
target C2- Moreover, composition of the arrows defines a functor 

where in the left-hand side, the projection to C"^^ is by t in the left factor, 
and by s in the right factor. This is our "category in categories" : C°^^ is its 
category of objects, C'^J"^^ is its category of morphisms, and the functor m 
defines the composition. 

A functor from this "category in categories" to Ab is, then, given by the 
following data: 

(i) a functor Mi : C"pp Ab, and 

(ii) a map s*Mi t*Mi (the analog of the action map ()4.2p ). 

We now notice that these data define exactly a functor M from the quotient 
category QC of Section [3] to Ab. The functor Mi defines the values of M at 
objects of the category C and the action of the maps /*, / a morphism of 
C, while the action map s*Mi — > t*Mi adds the maps to the picture. 

This description breaks the symmetry between and /* manifestly 
present in the definition of the category QC, but this is not necessarily a 
bad thing: constructions such as the tensor product of Subsection 12.31 also 
break this symmetry, and one may hope that some constructions actually 
look better in the new description. As we shall see, this is indeed the case. 

We now resume rigorous exposition. We start by constructing the nerve 
of our "category in categories"; we will denote this nerve simply by SC. 
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4.2 The S'-construction. Assume given a small category C which has 
fibered products. For every integer n > 2, let C'"] be the category of dia- 
grams of the form ci ^ • • • ^ c„ in the category C — in other words, C'"! 
is the category of C-valued functors from the totally ordered set [n] with 
n elements considered as a small category in the usual way. Sending a di- 
agram ci ^ • • • — )• c„ to c„ € C defines a projection C^"! C, and since 
C has fibered products, this projection is a fibration in the sense of |SGAj . 

Denote by c'"^ C C'"! the subcategory with the same objects as Ct""' and 
the maps which are Cartesian with respect to the fibration Ct"! C. Thus 
for example, C is the category whose objects are arrows in C, and whose 
morphisms are Cartesian squares. 

As usual, denote by A the category of non-empty finite totally ordered 
sets. Then for any order-preserving map f : [n] ^ [n'], we have a natural 

functor /* : c'"'' ^ c'""'. Moreover, we can also treat it as a functor /* : 
^[n ]opp ^ ^[n]opp j^g^^ggj^ ^YiQ opposite categories. Then the collection 
with the transition functors /* forms a simplicial category, that is, a category 
fibered over A. We denote this category by SC. 

Explicitly, objects of SC are pairs of a finite non-empty totally ordered 
set [n] and a diagram ci ^ • • • — )• c„ in C; a map from ([n], ci —)•••• ^ c„) 
to ( [n'] , c'^ ^ c^, ) is given by an order-preserving map / : [n] — )• [n'] 

and a collection of maps fi : c^j-.^ Ci in C, one for each i E [n], such that 
the square 

/ . 

is commutative and Cartesian for any i,j G « < j- In particular, we 
have a natural embedding — >■ SC which sends c G C"^^ to ([1], c). 

We can define a natural projection functor ip : SC QC as follows: an 
object ([n],ci ■ ■ ■ ^ Cn) G SC goes to c„ G QC, and a map (/,{/»}) : 
([n], ci ^ •••—>■ Cn) {[n-'],c'i ^ • • • — > c^,) goes to a map represented by 
the diagram 

We will say that a map / : [n'] [n] in the category A is special if it is 
an isomorphism between [n'] and a final segment of the ordinal [n] (in other 
words, we have f{l) = n + 1 — n' for any / G [n']). We will say that a map 
{f,{fi}) in the category SC is special if it is Cartesian with respect to the 
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fibration SC — ?• — that is, all the maps fi are invertible — and the 
component / : [n'] — )• [n] is special. 

One checks easily that if a map / is special, then ^{f) is invertible in 
QC. Moreover, we will say that a functor F : SC Ab is special if F{f) is 
invertible for every special /. Then setting F F o ip gives an equivalence 

Fun(QC,Ab) ^Fun,p(5C,Ab), 

where Funsp(5'C, Ab) C Fun(5C,Ab) is the full subcategory spanned by 
special functors. In this sense, the category QC is obtained from the category 
SC by inverting all special maps. Explicitly, a functor M G Fun(S'(C), Ab) 
is given by the following data: 

(i) A functor M„ G Fun(CW«PP, Ab) for every [n] G A. 

(ii) A transition map 

(4.4) ifTMn ^ Mn' 

for any map f : [n] ^ [n'], where /* : C^^'^"^^ — > ^["■1°^^ is the transition 
functor corresponding to the map /. 

The functor M is special if the transition map M{f) is an isomorphism 
for every special map / (it is clearly sufficient to check this for the maps 
/:[l]^N,/(l)=n). 

Consider now the derived category X'(S'C, Ab). 

Definition 4.1. An object M G T>{SC, Ab) is called special if for any special 
map / in the category SC, the corresponding map M{f) is a quasiisomor- 
phism. The full subcategory in P(5C, Ab) spanned by special complexes is 
denoted by VS{C, Ah) C V{SC, Ah). 

The triangulated category 'DS{C, Ah) obviously contains the derived cat- 
egory X'(Funsp(5C, Ab)) = V{QC, Ab); however, there is no reason why they 
should be same, or indeed, even why the functor V{QC, Ah) C T>S{C, Ah) 
should be full and faithful. It turns out that in general, it is not. This is 
exactly the difference between the naive derived category V{Q{C), Ah) and 
the triangulated category VQ{C, Ah) of Subsection 13.11 

Theorem 4.2. For any small category C which has fibered products, we have 
a natural equivalence 

VS{C, Ah) ^VQ{C, Ah). 
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4.3 Digression: complementary pairs. To prove Theorem 14.21 we 
need to develop some combinatorial machinery for inverting special maps 
in the category SC. Unfortunately, the class of special maps does not admit 
a calculus of fractions in the usual sense. However, there is the following 
substitute. 

Definition 4.3. Assume given a category $ and two classes of maps P, / 
in Then (-P, /) is a complementary pair if the following conditions are 
satisfied. 

(i) The classes P and / are closed under the composition and contain all 
isomorphisms. 

(ii) For every object 6 € the category <I>^ of diagrams i : b' ^ b, i £ I 
has an initial object ib '■ L{b) b. 

(iii) Every map / in <I> factorizes as / = p{f) o i{f), p{f) € P, i{f) G /, 
and such a factorization is unique up to a unique isomorphism. 

(iv) Every diagram 6i ^ 6 A 62 in with p € P, i € / fits into a 
cocartesian square 



62 > 612 

in $ with special p' P, i' I. 

Remark 4.4. If <1> has an initial object 0, then (ii) follows from (iii) (the 
map ic ■ i{c) — > c is a part of the decomposition i{c) — > c of the map 
^ c). 

Remark 4.5. A complementary pair in the sense of Definition 14.31 is an 
example of a factorization system in the sense of jBou] . 

Assume given a small category <1> and a complementary pair (P, /) of 
classes of maps in Let 'Di{(^, Ah) be the full subcategory in the derived 
category X'($,Ab) spanned by those M. € D(<l>,Ab) for which M,{i) is 
a quasiisomorphism for any i £ I. Let TZ^ be the category of diagrams 
ci c — 7> C2 in ^> with maps ii : c — ?> ci, Z2 : c ^ C2 in the class /. 
Let 7rj,7r2 : 7^$ be the projections which send ci ^ c ^ C2 to ci, 

resp. to C2, and denote by Sp : X'(<1>, Ab) — )• P(<I>,Ab) the functor given by 

Sp = L'TTilTTg. 
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Lemma 4.6. There exists a map of functors V' : Id — Sp such that i/'oSp = 
id, and the map ip : M, — > Sp(Af.) for an object M, G P(<I>, Ab) is a quasi- 
isomorphism if and only if M, lies in P/(<I>, Ab) C 'D{^,Ah). 

In other words, Sp : 2?(<I>,Ab) — > I'(<I>,Ab) is the canonical projection 
onto the left-admissible full subcategory D/(<I>,Ab) — that is, the compo- 
sition of the embedding Ab) C X'(^>, Ab) and the left-adjoint functor 
P($,Ab) ^P/($,Ab). 

Proof. Both projections vri, tt2 have a common section 5 : ^ TZ^ which 
sends c E <I> to the diagram c c ^ c with identity maps. The isomorphism 
Id = 5*712 induces by adjunction a map L'5\ — >■ vTg; the functorial map ^ is 
obtained by applying -L'ttii to this map. 

To prove the required properties of the map ^, we start by noting that 
due to the conditions (iii) and (iv) of Definition 14.31 the projection vri : 
TZ^ ^ $ is a cofibration. Therefore for any M. G D(<I>, Ab) and any object 
c € we have a canonical base change isomorphism 

Sp(M.)(c) ^/^.(7^$e,v^2*M.), 

where TZ^c C TZ^ is the fiber of the cofibration vri — that is, the category of 
diagrams c c' — )• c" in $ with maps i' : c' ^ c, i" : c' c" lying in /. This 
fiber TZ^c projects to the category <1>^ of Definition 14.31 (iii) by forgetting c" 
and i"; denote by F^c the fiber of this projection over the initial object 
i(c) G <I>^- Explicitly, F^c is the category of objects c" G ^ equipped with 
a map i : l{c) — )• c", z G /. 

By definition, for any special map i' : c' ^ c, the map v : '-(c) c 
canonically factorizes as ic = i' o i^ : l(c) c' ^ c. Moreover, it is easy to 
see that if we have two maps ii,i2 G $ such that ii € I and o Z2 G /, then 
12 & I (take its factorization Z2 = ^2 °P of (iii)) compose with ii to obtain a 
factorization of iioi2, use the uniqueness to deduce that p is invertible). This 
implies that l{c) = l{c') canonically, and io = id- Then sending a diagram 
c c' — >■ c" to i" o i^i : t(c) c" defines a projection vf : TZ^c F^c, and 
this projection is right-adjoint to the embedding l : F^c TZ^c- 

The projection 112 factors as 7r2 = vr o vf : TZ^c — ^ ^'I'c — ^ where 
TT : -F<I>c ^ sends a diagram l{c) c" to c". Therefore we have 

H.(TZ^,,7r*2M.) ^ H,{TZ^,Xt^*M.) ^ H.(n^,,L' i,TT*M,) 
^H.{F^c,T^*M.), 

so that Sp(M.)(c) = i7.(F$c,vr*Af.). The canonical map ^ : M.(c) ^ 
Sp(M. )(c) is then induced by the inclusion pt F^c which sends the point 
to the diagram {i{c) — > c) G F^c- 
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Now, for every map i : c c' , i & I, the categories F^c and F^c' 
are canonically equivalent; therefore the map Sp(M.)(c) Sp(M. )(c') is a 
quasiisomorphism, and we have Sp(M.) E X'/($,Ab). And if we know in 
advance that M. € 2?/(#,Ab), then the pullback n*M, € P(F^'c,Ab) is 
constant, so that Sp(M.)(c) = M. (c) (g)i?. (F$c, 2)- Since F$c has an initial 
object, we have H. (F$c, ^ Z. □ 

For any two objects ci, C2 € let Q/(ci, C2) be the category of diagrams 
ci ^ c C2 in $ such that the map ci ^ c lies in the class /, and the map 
C2 ^ c lies in the class P. Then for any three objects ci, C2, C2, we have 
natural composition functors 

(4.5) Q/(C1,C2) X Q/(C2,C3) ^ Q/(C1,C3) 

given by the cocartesian squares which exist by Definition 14.31 (iv) . These 
functors are associative. Say that an object c G $ is simple if the canonical 
map ic '■ t{c) — )• c is an isomorphism, and let Q/(^*) be the 2-category 
whose objects are simple objects in <1>, and whose morphism categories 
are Q/(ci,C2), with composition functors (|4.5p . Applying the procedure 
of Subsection II. 6^ construct an ^00-category -Sf(<^) with the same objects 
as Qi{^), and with morphisms given by 

Bi{ci,C2) = C.{Qi{ci,C2),Z). 

Let DQ/(<I>, Ab) be the triangulated category of vloo-functors from the Aqq- 
category (<I>) to Ab. 

Proposition 4.7. There exists a natural equivalence of triangulated cate- 
gories 

VQi{^, Ah) ^Vi{^, Ah). 

Proof. To define a comparison functor ip : P/(<^>, Ab) — )• T>Qj{^, Ah), let ^> 
be <I> with a formally added initial object 0, and declare that the map ^ c 
is in the class P for every c € Then all the conditions of Definition 14. 31 are 
satisfied for so that we can form the 2-category Q/ For any simple 
c G <I>, the category Q/(0, c) is the category F^c of the proof of Lemma 1121 
and for any simple ci, C2 € we have the composition functors 

mci,c2 : F<^ci X Q/(ci,C2) = Q/(0,ci) x Q/(ci,C2) 

= Q/(0,C2). 
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A functor M G Fun($,Ab) gives by restriction a functor Mc = ir2M G 
Fun (FQc J Ab) for every simple c G For every simple ci,C2 G we have 
a natural map 

and these maps are associative in the obvious sense. We define <^(M). G 
PQ/($,Ab) by 

<^(M).(c)=C.(F$e,M,), 

with the ^oo-functor structure induced by the functors m and the maps 
fj.. This extends to a functor if : ^(^jAb) PQy($,Ab). Comparing 
the definitions of the functors Sp and we see that the canonical map 
^|J : M. — )• Sp(M.) induces a quasiisomorphism 

(^(M.)-(^(Sp(M.)) 

for any M. G Ab), so that the functor ip factors through the projection 
Sp : P($,Ab) ^ Py($,Ab). 

To show that the functor ip : P/($,Ab) — )• PQ/($,Ab) is an equiva- 
lence, we have to prove that it is full, faithful, and essentially surjective. 
The triangulated category X'Q/(^>,Ab) is generated by the representable 
^oo-functors , for all simple c G and complexes M G Ho(Ab), given 
by M^{c') = B^{c,c') M. The triangulated category DQ/($, Ab) is gen- 
erated by the objects Sp(Mc), for all c G $ and M G Ho(Ab), where Mc G 
Fun($, Ab) is the representable functor given by Mc{d) = Z[$(c, c')] ® M. 
Therefore it suffices to prove that 

(i) for any c G $ and M G Ho(Ab), we have Sp(Mc) = Sp(Mj(c)), 

(ii) for any simple c G $ and M G Ho(Ab), we have (p{Mc) = , and 

(iii) for any simple c, c' G $ and M G Ho(Ab), the natural map 

RHom"(Sp(Mc),Sp(Mc/)) RHom"(Mf , M^?) 

induced by the functor is a quasiisomorphism. 

To prove (i), note that by adjunction, we have 

RHom' (Sp(Mc), M') ^ RHom' (Mc, M') ^ RHom' (M, M'(c)) 

for any c G M G Ho(Ab), and any M' G 'Di{<^, Ah) C X'($,Ab). In 
particular, RHom' (Sp(Mc), M') = RHom'(Sp(M,(c), M'). Since this is true 
for any M' G P/($,Ab), this implies (i). To prove (ii), note that for any 
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simple c' € we have an embedding j : Qi{c,c') — > -F^c'j and by Defini- 
tion 14.31 (iii) there is a natural isomorphism 

^cIf*^, — j\Mconst, 

where M^onst ^ Fun(Q/(c, c'), Ab) is the constant functor with value M. 
Therefore 

Sp(M,)(c') ^ C.{F^,,,j^M,onst) = C.{Qi{c,c'),M,onst) = B\c,c')®M, 
as required. Finally, for (iii), note that by adjunction 

RHom'(Sp(Mj,Sp(McO) = RHom" (M^, Sp(Mc')) ^ Sp(A4')(c), 
so that (iii) follows from (ii). □ 

4.4 The comparison theorem. Now again, assume given a small cat- 
egory C which has fibered products, and take $ = SC. Say that a map 
if^ifi}) ill SC is co-special if the underlying map f : [n] ^ [n'] sends the 
first element in [n] to the first element in [n'], /(I) = 1. Let /, P be the 
classes of special, resp. co-special maps in the category SC. 

Lemma 4.8. The pair {P, I) is a complementary pair in the sense of Defi- 
nition l473[ 

Proof. Definition 14.31 (i) is obvious. For (ii), let c = ([n],ci ^ • • • — > c„); 
then t(c) = ([l],Cn), with the obvious map ic ■ i{c) — )■ c. For (iii), take a 
map / = {f,{fi}) : {[n],{ci}) ^ {[n'],{c[}), and let no = /(I) G [n']; then 
the decomposition is given by 

{[n],{ci}) > (K-no],K}) > ([n'],{ca), 

where c" = c^+„q, 1 < ^ < n'—UQ, with the obvious maps. Finally, for (iv), let 
b = {[n],{bi}), h = {[ni],{b}}), b2 = (K],!^^)- Then 612 = ([ni2],{6P}) 
is given by nu = ni + 712 - n, 5P = bj_^_^_^^ for / = n - n2 + 1, . . . , ni2, and 
for / = 1, . . . , n — 77-2, bp is obtained as the fibered product 

bP > bf 

b\ > b, - bl^,_^ 
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in the category C. 



□ 



Proof of Theorem \4.^ By Lemma [4.8l Proposition 14.71 can be applied to the 
category SC. An object c = ([n] , q) is simple if and only if n = 1, thus simple 
objects in SC are the same as objects in C C SC. Then comparing the defi- 
nitions of j4oo-categories B'^ of Subsection 13. II and Bl{SC) of Subsection 14.31 
we see that it remains to prove the following: for any ci, C2 G C C SC, there 
exists a natural quasiisomorphism 

V"''"' ■■ C.(Q7(ci,C2),Z) ^C.(Q(ci,C2),Z), 

and these quasiisomorphisms extend to an ^oo-functor. The functor : 
SC — )• QC of Subsection 13.11 obviously extends to a 2-functor Qj{SC) QC; 
this gives maps ■q^^''^^ which form an Aoo-functor. To prove that rj'^^'^^ is a 
quasiisomorphism, it remains to notice that the functor ip : Qi (01,02) 
QC(ci, 02) has a left-adjoint which sends a diagram ci ^ c — )• C2 in C to the 
diagram ci ([2], C2 oi) 02 in SC. □ 

4.5 Additivity. Assume now given a small category C such that the 
wreath product C I T has fibered products. Then we can form the category 
S{C I r) and the derived category VS{C I T, Ab). By definition, (C I T)°pp 
is embedded into S{C I T) as the fiber over [1] G A, so that we have the 
restriction functor VS{C iT, Ah) ^ V{{Cl r)°PP, Ah). 

Definition 4.9. An object M, € 'DS{ClT) is called additive if its restriction 
to V{{C I r)°PP, Ab) is additive in the sense of Definition [321 

Proposition 4.10. Assume that the small category itself C has fibered prod- 
ucts. Then the full suboategory VSaddiC I T, Ab) C VS{C I F, Ab) spanned by 
additive objects is canonically equivalent to the category 'DS{C, Ah). 

Proof. The statement immediately follows from Theorem 14.21 Proposi- 
tion ES] and Corollary KTl\ □ 

Definition 4.11. Assume given a small category C such that ClT has fibered 
products. Then the full subcategory VSadd{C I T,Ah) C VS{C I T,Ah) 
spanned by additive objects is denoted by 'DS{C, Ah). 

We note that by Proposition 14.101 this is consistent with our earlier 
Definition gTj 
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Remark 4.12. For the sake of methodological purity, it would be nice to 
have a direct proof of Proposition 14.101 which does not use the material 
of Section [3j Unfortunately, I was not able to find such a proof. All I 
could come up with essentially repeats the proof of Proposition 13.81 with 
additional complications (which arise because we do not have a Waldhausen- 
type interpretation of the category PQ'(C, Ab) of Definition 13. 7p . 

In the particular case C = Oq, the category of finite G-orbits for a group 
G, we have C IT = To. Combining Theorem 14.21 and Proposition 14.101 we 
get the following. 

Corollary 4.13. For any finite group G, let Oq be the category of G-orbits. 
Then the category DM^G) of derived G-Mackey functors is naturally equiv- 
alent to the category D5(OG,Ab) of Definition \4-ll\ D 

5 Functoriality and products. 

We will now describe some basic properties of derived Mackey functors, 
mostly analogous to the material in Subsection 12.21 and Subsection 12. 3[ 

5.1 Functoriality. Assume given two small categories C, C such that ClT 
and C I r have fibered products. Then any functor j : C' ^ C IT uniquely 
extends to a coproduct-preserving functor j : C iT ^ C iT. In either of the 
two constructions of the category VS{—, Ah) = 'DQadd{— I Ab) we have 
the following obvious functoriality property. 

• If the extended functor 7 : C ^ F — > C ; F preserves fibered products, 
then we have a natural restriction functor 

^* ■.VS{C,kh)^VQadd{ClT,kh)^VS{C',kh)^VQadd{C'lT,kh), 
and the left-adjoint induction functor 71 : D5(C', Ab) — > P5(C, Ab). 

It turns out that this yields the derived versions of both the functor ^ and 
the functor $ of Subsection 12. 2i 

In fact, the functor ^ has already appeared in Section [3] under a different 
name. For any object c G C, we have its embedding functor : pt — > C ? F, 
and the extended functor j'^ : T ^ C IT preserves fibered products for 
semi-trivial reasons. 
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Definition 5.1. The naive fixed point functor is the functor 
= f* : VS{C, Ah) P5(pt, Ab) ^ V{Ah). 

In the Mackey functor case C = Og, c = [G/H], the functor is the 
derived version of the functor of Subsection 12.21 

We can also sUghtly refine the construction. Let (c) C C be the groupoid 
of objects in C isomorphic to c, and invertible maps between them. Then 
j'^ extends to an embedding : (c) C IT whose natural extension : 
(c) iT ^ ClT still preserves fibered products. We denote the corresponding 
restriction functor by 

(5.1) ^^ = f* :P5(C,Ab) ^VS{{c), Ah) ^P(Aut(c),Ab). 

It takes values in the category P5((c),Ab), which is obviously equivalent 
to the derived category X'(Aut(c),Ab) of Ab- valued representations of the 
group Aut(c) of automorphisms of the object c. 

To proceed further, we need to impose a restriction on the category C. 

Definition 5.2. A category C is called Horn-finite if the set of maps C(c, c') 
is finite for any two objects c, c' G C. 

Assume that the category C is Hom-finite. Then so is the wreath product 
C ^ r, and an object c also represents a functor Tc : C ^ F, 

Tc{c') = C{C,C). 

Its natural extension Tc : C ? F —> F is represented by the same object c, thus 
preserves fibered products. 

Definition 5.3. The geometric fixed points functor is given by 

= Td : VS{C, Ah) P5(pt, Ab) ^ V{Ah). 

In the case C = Og, c = [G/H], this is the derived version of the functor 
of Subsection O The adjoint functor r* : P(Ab) VS{C, Ah) can be 
explicitly described follow. Denote 

r= = T*{T) G Fun,p(S(C ; F),Z-mod) C P5(C,Z-mod), 

where T € Funsp(S'(F), Z-mod) is the natural generator of the category 
PQadrf(F, Z-mod) introduced in Lemma [331 Then for any M. G D(Ab), we 
have 

T*{M.) ^ M,®T''. 
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This can also be refined to incorporate Aut(c). Indeed, the group Aut(c) 
obviously acts on the object T^. We define the inflation functor 

Inr : Fun(Aut(c),Ab) ^Fun(5(C7;r),Ab) 

by Infr(M) = {M ®T'')^''^^''\ and we note that the functor R' Infl'^ sends 
P(Aut(c), Ab) into the category VS{C,Ab) C V{S{C I T), Ab). By abuse of 
notation, we will drop R' and denote the derived functor simply by 

Infl" : P(Aut(c),^) ^ P((c), Ab) ^ P5(C, Ab), 

and we denote by 

5" : VS{C, Ah) P(Aut(c), Ab) ^ P((c), Ab) 

its left-adjoint. 

Remark 5.4. The names naive and geometric attached to fixed points func- 
tors come from equivariant stable homotopy theory, whose part in the story 
we will explain in Section [HI It seems that the geometric fixed point func- 
tor is the more important of the two; thus from now, "fixed point functor" 
without an adjective will mean the functor <I>'^. 

We can further refine this construction by the following observation: the 
group Aut(c) acts not only on the functor T^, but on the functor Tc, too 
- for any c' G C ? F, Aut(c) naturally act on the finite set Tc{c) = C{c,c'). 
Thus we actually have a functor Tc : C — )• FA^t(•c) = OAut(c) which induces 
functors 

$^ = fd : Ab) ^ VS{0 Antic), Ah) = VM{Aut{c), Ah), 

Qf = 9* : VM{Aut{c),Ah) VS{C, Ah). 

In the case C = Oq, c = [G/H], we have Aut(c) = Nh/H, where Nh C G 
is the normalizer of the subgroup G. Then the extended inflation functor 
takes the form 

Inflc : VM{N, Ah) VM{G, Ah), 

where = Nh/H. If C G is normal, so that Nh = G and N = G/H, 
this is the derived version of the fully faithful functor Infig of Subsection [221 

— N 

As we will prove in Section [71 Lemma 17. 131 in this case the functor lnfl(^ is 
fully faithful. 
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5.2 Products. To introduce a tensor product on the category P<S(C, Ab), 
we impose the same additional assumption as in Subsection 12. 31 - we require 
that the small category C has a terminal object. Then so does C IT; of 
course, we still assume that C I T has fibered products, so that altogether, it 
has all finite limits (in particular, products). 

It is convenient to identify VS^C, Ah) = T)Qadd{C I T, Ab) and use the 
methods of Section [3l By the definition of the 2-category Q{C I F), we 
have an isomorphism 

Q((C lT)^{Cl T)) ^ Q{C I T) X Q{C I T). 

Since the bar construction is compatible with products, this means that for 
any two objects M. , M[ € VQ{ClT, Ab), we have a well-defined box product 

M. K M[ G vQ{{e ; r) X (c ; r), Ab) 

We also have the product functor 

m:{ClT)^{ClT)^ClT, 

and since it preserves fibered products, it induces the restriction functor 

m* : VS{C, Ab) ^ VQadd{C I T, Ab) C VQ{C I T, Ab) 
-^VQiiClT) X {ClT), Ah). 

Consider the left-adjoint functor 

mf'^ :VQ{{ClT) x (ClT), Ah) ^VS{C, Ah). 

Definition 5.5. The tensor product M, (g) M[ of two objects M. ,M' G 
'DS{C, Ah) is given by 

M. O M; = mf'^{M. MM[). 

Under our assumptions on Ab, this obviously gives a well-defined sym- 
metric tensor product structure on the triangulated category D5(C, Ab). 

We have the following result on compatibility between tensor products 
and fixed points. Assume that the small category C is Hom-finite, so that 
for any object c € C, we have a well-defined geometric fixed points functor 
^^■.VS{C,Ah) ^V{Ah). 
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Proposition 5.6. For any c & C, the geometric fixed points functor is 
a tensor functor - that is, for any two objects M,,M[ € T>S{C, P^) we have 
an isomorphism 

$'=(M. (g) M[) ^ ^>'=(M.) (g) ^"{M'^), 
and this isomorphism is functorial in M, and M[. 

Proof. The functor Tc C IT ^ being represent able, commutes with 
products, so that we have a commutative diagram 

Q{ClT) X Q{ClT) Q{ClT) 



Q(r)xQ(r) Q(r), 

and m* or* = (jc x Tc)* om*. By adjunction, this gives a functorial isomor- 
phism 

$^(M. (g) M[) ^ ^>^(M.) (g) $''(M.'), 

where the product in the right-hand side is taken in the category D5(pt, Ab) 
in the sense of Definition 15.51 It remains to notice that the canonical equiv- 
alence of Lemma 13.41 identifies this product with the tensor product in the 
derived category X'(Ab). □ 



Remark 5.7. The situation with the tensor product in Ab) is some- 

what reminiscent of the tensor product of P-modules on a smooth algebraic 
variety X: while a P- modules is simply a sheaf of modules over the ring Dx 
of differential operators on X, this ring is not commutative, and one has 
to take special care to define a symmetric tensor product on the category 
Px-mod. The product becomes much more natural if one passes to a Koszul- 
dual interpretation and replaces 2?-modules with sheaves of DG modules 
over the de Rham complex ^'x- We will obtain an analogous Koszul-dual 
interpretation of Mackey functors in Section [H 

5.3 Induction. We finish this section with one more functoriality result. 
It seems that it does not appear in the standard theory of Mackey functors; 
however, it will be very useful in Section [HI 

We again fix a small category C such that C \ V has fibered products. 
By the definition of the 2-category Q(C ? F), we have a natural functor 
C\V ^ Q(C ; r) which is identical on objects, and sends a map f : S' ^ S 



61 



to the diagram S" ^ S" — t- S. Composing this with the natural embedding 
: C ^ C iT, we obtain a functor 

q:C^Q{ClT). 

Since the 2-category Q{ClT) is manifestly self-dual, we also have the opposite 
functor q°PP : C°^^ QlT, and the corresponding restriction functor 

q°PP* : VS{C, Ab) ^ VQaddiC I T, Ab) C VQ{C I T, Ab) ^ V{C"pp, Ab). 

We will call the adjoint functor 

^opp . jjf^^opp^ ^ 

the induction functor, and we will say that an object M, € T>S{C, Ah) is 
inc/uced if M. ^ for some E. G Ab). 

If the target category Ab is a symmetric tensor category, then the func- 
tor category Pun(C°^^,Ab) has a natural "pointwise" tensor product that 
induces a tensor product on the derived category P(C°p*', Ab). 

Proposition 5.8. (i) Assume that the category C is Horn-finite. Then 
for any object c C and any E, € T>{C°pp, Ah), we have an isomor- 
phism 

^'^{q^PP{E.))=E.{c), 
and this isomorphism is functorial in E, . 

ill) Assume that the category C has a terminal object and that the tar- 
get category Ab is a symmetric tensor category. Then the induction 
functor q^^ is a tensor functor - we have an isomorphism 

qr{E.^E[)^qrE.(^qrE[ 

for any E,,E[ G T){C°pp, Ah), and this isomorphism is functorial in 
E. andE[. 

Proof. For (i), note that by adjunction, it suffices to prove that q°PP*T'^ g 
Fun(C°PP, Z-mod) is the object co-represented by c E C'^^, that is, 

r^(c') ^ Z[C°PP{c',c)] = Z[C{c,c')]. 

This is the definition of the object T'^. 

For (ii) , we repeat the argument of Subsection 12.31 Firstly, as noted 
several times already, we have a natural equivalence between T)[C°^, Ab) 
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and the full subcategory Vadd{{C I r)°PP, Ab) C V{{C I r)°PP, Ab) spanned by 
additive objects. Secondly, we have a commutative diagram 

(c I r)°pp X (c I r)°pp (c ; rypp 

qopp qopp 



Q{C I T) X Q{C I T) 



Q{ClT). 



Therefore it suffices to prove that for any E,,E[ S 'D{C°pp , Ah) 
T)°PP, Ah) we have a functorial isomorphism 

mi{E. ME[) ^ E. ®E[. 



This is obvious: the product functor m:{Cl T)°pp x (C ; r)°PP {C I r)"PP is 



left-adjoint to the diagonal embedding 6 : {Cl T)°pp - 
so that m\ = 5*, and by definition, E, ^ E[ ^ 5*{E, 



{C I T)°PP 
]E[). 



{ClT)''PP, 
□ 



6 Categories of Galois type. 

We will now give yet another description of the category T>S{C, Ah) of Defi- 
nition UTTJ to complement those given in Section [3] and Section HI It is based 
on an explicit DG model, as in Section [3l however, this new DG model is 
more economical and more convenient for applications. It will require some 
additional assumptions on C (which are satisfied in the Mackey functor case 
C = Og). In addition, from now we will assume that the target category Ab 
is the category of modules over a ring, so that Lemma [L71 applies. 

6.1 Galois- type categories and fixed points. We begin by imposing 
our conditions on the small category C. 

Definition 6.1. A category C is lattice-like if it is Hom-finite, and all its 
morphisms are surjective. 

Lemma 6.2. In a lattice-like category C, every right-inverse f : c —j' c' to 
a morphism f : c' c is also a left-inverse. Moreover, every endomorphism 
f : c ^ c of an object c C is invertible. 

Proof. For the first claim, note that (/'o/)o/' = f'o(fof') = /'oid = id o/'; 
since /' is surjective, this implies f'of = id. For the second claim, note 
that since / is surjective, the natural map 

C(c, c) — C(c, c) 
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is injective. Since C(c, c) is a finite set, this map must also be surjective, so 
that there exists /' G C(c, c) such that /' o / = id. □ 

Definition 6.3. A category C is of Galois type if it is lattice-hke, and the 
wreath product C I T has fibered products. 

Example 6.4. Here are some examples of categories of Galois type. 

(i) C = Ogi the category of finite G-orbits for a group G. 

(ii) C is the category of finite separable extensions of a field k. 

(iii) C is the category r_ of finite sets and surjective maps between them. 

Of course, Galois theory shows that (ii) is a particular case of (i), thus the 
name "Galois-type" ; however, the very interesting example (iii) is not of this 
form. 

Assume given a small category C of Galois type, and consider the cat- 
egory P5(C,Ab) of Definition 14.111 Since C is Hom-finite, we can apply 
the constructions of Subsection 15. It thus for any c G C, we have the object 
T'^ G P5(C,Z-mod), the infiation functor 

Infl^ : P((c),Ab) ^P5(C,Ab) 

and the left-adjoint fixed point functor 

(6.1) : P5(C,Ab) ^P((c),Ab). 

In general, computing the functors explicitly seems to be rather difficult; 
however, in the case of Galois-type categories, there is a drastic simplifi- 
cation. Namely, let g : C — )• C ? F — > Q{C) be the natural embedding of 
Subsection 15.31 and let q* : D5(C,Ab) P(C,Ab) be the corresponding 
restriction functor. Moreover, define an embedding 

: 2?((c),Ab) ^ P(C,Ab) 

by 

/M.(c'), c'g(c), 

I (J, otherwise, 

and let (^^ : P(C,Ab) P((c),Ab) be the left-adjoint functor. Then we 
have the following. 
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Proposition 6.5. We have a functorial isomorphism 

In order to prove this proposition, we need some preliminary results and 
constructions. 

Consider the simplicial category S{ClT)/ A. Note that by the definition 
of the wreath product, we have a natural fibration S{C iT) — > F, so that 
altogether, S{C I A) is fibered over A x T. Let S{C I F) C S{C I T) be 
the subcategory with the same objects, and those morphisms which are 
Cartesian with respect to the fibration S{C iT) ^ A x F. By definition, 
S{C I r) is also fibered over A, and we have a natural Cartesian embedding 

(6.2) ri:S{ClT)^ S{ClT). 

While the category S{C I T) is not of the form S{C') for some small category 
C , most of the material of Section H] still applies to it, with appropriate 
changes. In particular, say that a map / in S^ClT) is special, resp. co- 
special if so is Then it is easy to check that the classes of special and 
co-special maps form a complementary pair in the sense of Definition 14.31 
We can thus consider the full subcategory 

VS\C, Ah) C V{S{ClT), Ah) 

spanned by special functors. Since is a Cartesian functor which respects 
special maps, we have a restriction functor rj* : VS{ClT, Ah) (C, Ab), 

and the adjoint functor 

R't], : V{S{ClT), Ah) ^ V{S{C I T),Ah) 

sends special functors into special functors. 

Moreover, we also have a 2-category description of DS\C, Ah). Namely, 
the fiber S{C iT)^ over [1] G A is obviously equivalent to (C ; T)"pp (where 
C C C is the subcategory with the same objects and invertible maps between 
them). Consider the 2-category Q{C I T) of Section [3l and let Q{C I T) C 
Q{C I r) be the 2-subcategory with the same objects, those 1-morphisms 
ci c — )• C2 for which the map c — >• ci actually lies in C iT C C IT, 
and all 2-morphisms between them. One checks easily that this condition 
is compatible with the pullbacks, so that we indeed have a well-defined 
2-category. Applying the machinery of Subsection 11.61 we produce the A^o- 
category B, and the derived category VQ{ClT, Ah) of y4oo-functors from B. 
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to Ab. Note that we have a natural functor (C I T)"^^ — > Q(C I T), thus a 
restriction functor T>Q{ClT, Ah) — t- D{{CiT)^P, Ah). By definition, we also 
have a natural embedding rj : Q{C I T) — )• Q{C I T). 

Lemma 6.6. There exists a natural equivalence 

VS\C, Ah) ^ VQ{C I r, Ab) 

which is compatible with rj* and with the natural restrictions to (C IT)"^^. 

Proof. Same as Theorem 14.21 □ 

Now fix an object c G C, and define a 2-functor Ec ■ Q{C iT) — > Q((c) iT) 
as follows. On objects, Ec sends (5, {c^}) G C iT to the formal union of 
those components Cg which are isomorphic to c. On morphisms, Ec sends a 
diagram ci c' — )■ C2 to ec(ci) £c(c') — > ec(c2) (if ci, C2 G (c) ? T, this is 
well-defined). Moreover, let 

T" = E*i^^) G VQ{C I r, Z-mod) 

be the pullback of the standard object T^^^^ G T>Q{{c) ;r,Z-mod), T^^^{c') = 

Z[((c) I r)(c,c')], and define an embedding ul : V{{c),Ah) VQ{C I T, Ab) 
by 

i.'(M.) = (r^^M.)^^*^'^) 

(since T'^{c') is a free Aut(c)-module for any c' G C, the group Aut(c) has 
no higher cohomology with coefficients in T (8> M. , so that taking Aut(c)- 
invariants is well-defined on the level of derived categories). 

Lemma 6.7. We have a natural isomorphism 

^ R'riJT^ G VS{e I r, Ab) ^ VQ{C I T, Ab). 

Proof. To construct a map T'^ — t- R'ri^,T^, it suffices by adjunction to 
construct a map 77*T'^ — ?> T . Such a map is obvious - it is identical on 
c' G (c) ? r C C ; r, and otherwise. To prove that the induced map 
T'^ R'rj^T is an isomorphism, use Theorem 14.21 and Lemma 16.61 to pass 
to the Waldhausen-type interpretation. Then since both T*^ and R'r]^T are 
special, it suffices to check that T'^ — )■ R'rj^T is an isomorphism on the fiber 
(C iT)°PP over [1] G A. This is again obvious: on this fiber, is the functor 
represented by c G (C ? r)°PP, and T is the functor represented by the same 
c considered as an object in S{ClT)^ = {C I T)°pp C (C I r)°PP. □ 
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It remains to analyse the 2-category Q{C I T). As in Subsection 13.21 
consider the full subcategory in Q{C I T) whose 1-morphisms are diagrams 
S* 5i — >■ S" with injective map Si S. This is actually a 1-category which 
we denote by C I r_|_ by abuse of notation. The embedding g : C — > Q{C I T) 
factors through the embedding r] : Q{C I T) by means of the embeddings 

C cir+ QiClT), 

and we have and the corresponding restriction functors A*, j* . Say that 
an object M. G 'DS\C, Ah) = T)Q{C I T, Ab) is additive if its restriction to 
C I T°PP is additive in the sense of Definition 13.21 

Lemma 6.8. Assume given two objects M,,M[ G VQ{C lT,Ah). If M[ is 
additive, then the natural map 

(6.3) Hom(M.,M.') ^ Hom(A*M., A*M.') 

is an isomorphism. If M, is also additive, then the natural map 

Hom(A*M.,A*M;) ^ Hom(i*A*M., j*A*M,') 
is also an isomorphism. 

Proof. As in the proof of Lemma [3.4l we first note that the category Fun(C I 
r+,Z-mod) is generated by representable functors , S £ Cl r+. For any 
such S = Y[cs, Cg G C, we have 

and for any c G C, we have a canonical direct sum decomposition = T'^SZ. 
This induces direct sum decompositions 

s'cs 

where the objects 

r^ = (g)T^% s = l[c,ecir+ 

give a smaller set of projective generators of the category Fun(C?r_|., Z-mod). 
For any S"!, 52 G C!r+, we have Z^i U ^ Z^i(g)Z^2. therefore the additivity 
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condition on an object E, € T>{C I r+,Ab) means that the natural map 
Z'^i e Z-^i U •S'2 = ^ induces an isomorphism 

RHom' (Z-^i OZ-^^ ^M. ,E,) ^ RHom" {Z^^ ®M. , ^. ) eRHom" {Z^^ ®M,,E,) 

for any M. G D(Ab). In terms of the generators , this is equivalent to 
saying that RHom'(T'^ ® M,,E,) = unless the decomposition 5 = ]J 
has exactly one term, S = c for some c G C C C ? r+: 
(6.4) 

fRHom'(M,E.(c)), S = c^C ClClT+, 

otherwise. 



RHom'(r"^(g)M.,£;. 



to, 



(If C = {pt}, as in Lemma [3. 41 these are exactly the orthogonality conditions 
on the generators T*^".) Then as in the proof of Lemma 13.41 it suffices 
to check the first claim for a representable M. = G 2?5(C,Ab); we 
have a filtration on Hom(M5,M_') with associated graded quotient of the 
form (|3.3|) . and checking that the map (|6.3p is an isomorphism amounts to 
applying (j6.4p to E, = \*M[. To prove the second claim, it remains to 
notice that for any additive object E, G ©(C ; r+, Ab), the adjunction map 
L'j\j*E, — >■ E, is an isomorphism. □ 

Proof of Proposition \6.5\ By definition, for any M. G P5(C,Ab), M[ G 
P((c), Ab) we have 

Hom($'=M.,M;) ^ Hom(M.,lnfl^(M;)), 

and by Lemma 16.71 we have 

lnfl=(M;) ^ i?>,(r' ® M.')^"*(^) = R'i^,v[{M[), 

so that 

Hom($^M., M;) ^ Hom(r/*M., zy^(M;)). 

It remains to apply Lemma [6. 6 1 and Lemma[631 and notice that by definition, 
q*vl{M[)^v,{M[). □ 



6.2 Filtration by support. We will now give some corollaries of Propo- 
sition 16.51 

First, the following simple observation. Suppose we are not interested in 
the functor of (16. ip . but only in the fixed point functor (^'^ of Definition 1 5. 3 1 
— that is, we are prepared to forget the Aut(c)-action on Then there 
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is a more convenient way to compute : T>S{C, Ah) — > D(Ab). Namely, 
denote by Cc the category of objects c' & C equipped with a map c' — > c. We 
have a projection Sc ■ Cc ^ C which forgets the map. Composing Sc with 
the embedding q gives a functor 

qc-.Cc^ Q{c I r) 

and a corresponding restriction functor q* : T)S{C, Ah) P(Cc,Ab). Let 
T'^ € Fun(Cc, Z-mod) be given by 



(6.5) T\c') 



c' ^ c, 



0, otherwise, 



and let 99^ : V^Cc, Ah) — > P(Ab) be the functor left-adjoint to the embedding 
V{Ah) V{Cc, Ah), M, ^ M,®T. 

Corollary 6.9. We have 

In particular, ^"M, = if qlM, = 0. 

Proof. The right-adjoint to the forgetful functor ©((c), Ab) — )• I'(Ab) sends 
M. € P(Ab) to M.®Z[Aut(c)], where Z[Aut(c)] is the regular representation 
of the group Aut(c). Then by Proposition 16.51 it suffices to prove that 
R' Sc{T) = i/c(Z[Aut(c)]). This is clear: is obviously a discrete fibration, 
so that R' s% can be computed fiberwise, T is non-trivial on the fiber over 
c' S C if and only if c' lies in (c), and for every such c', the fiber is a torsor 
over Aut(c). □ 

Now, by Lemma 16.2^ the set [C] of isomorphism classes of objects of the 
lattice- like category C has a natural partial order, given by [c] > [d] if and 
only if there exists a map c — > c'. 

Definition 6.10. A subset U C [C] is closed if it is closed with respect to 
the standard To-topology associated to the partial order - that is, for any 

[c], [(■'] € [C] with [c] > [c'], [c] G U imphes [c'] G U. 

Definition 6.11. For any subset U C [C], an object E. G D5(C,Ab) is 
supported in U if E, (c) = for any c G C whose isomorphism class is outside 
U. An object E, G P5(C Ab) /las finite support if it is supported in a finite 
closed subset U C [C] The full subcategory in P5(C, Ab) spanned by objects 
supported in a subset U G [C] is denoted by 

VSu{C, Ah) C DcS(C,Ab), 
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and the full subcategory in VS{C, Ab) spanned by objects with finite support 
is denoted by P5/,(C, Ab) C ^^(C, Ab). 

For any two subsets U' C U C [C], we obviously have a full embedding 
VSu'iC, Ah) C VSuiC, Ah). 

Corollary 6.12. For any closed subset U C [C], the fixed points functor 

:VSu{C, Ah) ^V{{c),Ah) 

is trivial unless [c] G U. If [c] & U is maximal, so that U' = U \ {[c]} 
is also closed, then = on DSij{C,Ah), where is as in (jS.ip . the 
subcategory I'5[//(C,Ab) C T>Su{C, Ah) is right-admissible, and <1>^ = 
factors through an equivalence 

(6.6) VSu{C, Ah) /VSu'iC, Ah) ^V{{c),Ah). 

Proof. Consider an object E, € VSu{C, Ah). By definition, for any c G 
C whose isomorphism class is not in U, we have E,[c) = 0. Since U is 
closed, we also have E,{c') = for any c' with [c'] > [c], so that q*E = 0. 
By Corollarv 16.91 this proves that ^'^{E,) = 0; since the forgetful functor 
P((c),Ab) —7- 'D(Ah) is obviously conservative, we also have $'^(-E.). This 
proves the first claim. 

For an object c G C whose isomorphism class is maximal in U, we have 
q*{E,){c') = unless c' G Cc is isomorphic to c, so that q*{E,) ^ ^'^(£;.)(g)T^ 
Since the correspondence E, E, T is obviously a full embedding from 
P(Ab) to P(Cc, Ab), we conclude that 

ip'{q:E.)^^'{E.), 

so that by Corollarv 16. 9| the natural map ^"^(E,) — )• ^'^(E,) is an isomor- 
phism. Since the forgetful functor P((c), Ab) — )■ T)(Ah) is conservative, this 
proves the second claim. 

To prove the rest of the claims, note that the inflation functor Infl*^ : 
P((c),Ab) VS{C, Ah) obviously sends V{{c),Ah) into the full subcate- 
gory I)Su{C, Ah). By definition, Infl*^ is right-adjoint to ^'^ = Moreover, 
we obviously have 

o Infl^ ^ Id . 

Therefore Infl^^ : D((c), Ab) VSu{C, Ah) is a fully faithful embedding with 
left-admissible image. But by definition, for any E G T>Su{C, Ah), ^'^(E) = 
if and only if ^ lies in DSu'{C, Ah). Thus the orthogonal ^ lnfl'=(D((c), Ab)) 
is exactly 'DSi/'{C, Ah), and the category VSjjiC, Ah) has a semiorthogonal 
decomposition {\nf\'^{T>{{c), Ah)), VSij'{C, Ah)), which finishes the proof. □ 
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Remark 6.13. In the particular case C = Oq, c = [G/H] for a cofinite 
subgroup H C G, andU = {[c'] £ [C]\[c'] <[c]}, 1^ is exactly 1^ of the 
Introduction. 

Corollary 6.14. For any two finite closed subsets U' <Z U C. [C], the cat- 
egory T>Si[i{C, Kh) is an admissible full subcategory in T>Su{C,P\h), and 
the left orthogonal ^T>Sui{C,Ah) consists of those objects E G D5c/(C, Ab) 
which are supported in U \ U' . 

Proof. The fact that !D5{/'(C,Ab) C 2?5t/(C,Ab) is right-admissible imme- 
diately follows by induction from Corollary 16.121 Moreover, the semiorthog- 
onality statement of Corollary 16.121 implies that VSu'iC^Kh) is generated 
by objects of the form Infr'(M), c' G U\ M G P((c'),Ab). Thus E G 
T>Su{C^ Kh) lies in the orthogonal ^'DSui{C^ Kh) if and only if it is orthog- 
onal to all such Infl'^ i^)- By adjunction this is equivalent to (E) = 0, 
c' G U', which by definition means exactly that E is supported in U \U' . 

Finally, to prove that 'DSi/'{C, Ah) C VSu{C, Ah) is left-admissible, it 
suffices by induction to consider the case U' = U\{[c]} for a maximal c £ U. 
By Lemma 11.21 it suffices to prove that the projection 

^VSu>{C, Ah) ^VSu{C,Ah)/VSu'{C, Ah) ^V{{c),Ah) 

is essentially surjective. Define a functor / : Fun(Aut(c), Ab) Fun(C I 
r, Ab) by 

i(M) = (r^®M)Aut(c), 

and let 

L'l : P(Aut(c), Ab) ^ P((c), Ab) ^ VSu{C, Ah) C P(Fun(C I F, Ab)) 

be its left-derived functor (this is dual to the definition of the inflation 
functor Infl'^ in Subsection Ell) . We obviously have $'=oL'/ = $''oL'/ = Id, 
so that it suffices to prove that L' I sends P(Aut(c), Ab) into the orthogonal 
-^'DSu'{C, Ah). As we have already proved, this is equivalent to proving that 

oL'/ = 

for any c' G U' . Thus by Corollarv 16.91 we have to prove that 
(6.7) v9"'og* oL'/ = 

for any c' G U' . By definition, we have 

ql,{T^(^M) ^ sl,jm 
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for any M G Fun((c),Ab), where : {c) ^ C is the natural embedding. 
Passing to the derived functors, we obtain 

and by the definition of the functor ip^' , (j6.7p is equivalent to 

jfR's,,,T' =0, 

where T G Fun(Cc', Z-mod) is as in (|6.5p . Since the projection Sc' : Cc' ^ C 
is a fibration, this immediately follows by base change. □ 

6.3 DG models. Corollary 16.121 and Corollary 16.141 show that the cat- 
egory VSfs{C, Ah) admits a filtration by admissible full triangulated sub- 
categories T>Su{C, Ah) indexed by finite closed subsets U C [C], and the 
associated graded quotients 

VSc{C, Ah) = VSu{C, Ah) /VSu\{[c]}{C, Ah), ceU maximal 

of this filtration are identified with the derived categories I'(Aut(c), Ab). 
In the remainder of this section, we will obtain a full description of the 
category VSfsiC, Ah) in terms of the functors Among other things, 
this will later allow us to describe the gluing data between these associated 
graded quotients. 

The general strategy is rather straightforward - we apply a version of 
the standard Tanakian formalism. Namely, we treat the collection as a 
"fiber functor" for the category VSjsiC, Ah), and 

(i) lift the functors to DG functors <I>^, and 

(ii) present a natural C-graded ^doo-coalgebra T^{—) which acts on ) 
(in particular, this will include the Aut(c)-action). 

The functor : VSfsiC, Ah) ©(Ab) is by definition left-adjoint to the 
functor P(Ab) T>Sfs{C, Ah) given hy M ^ M (^T"; the "natural ^oo- 
coalgebra" in (ii) is then an A^o model for 

with the comultiplication given by adjunction. The same adjunction gives 
a comparison functor from VSfs{C, Ah) to the derived category of A^o- 
comodules over T^, and we check that this comparison functor is an equiv- 
alence (this is Theorem 16. 17p . 
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We note that here it is crucial to work with ^oo-coalgebras rather than 
^oo-algebras. In fact, the complex T^{f) is acyclic for any non-invertible 
map / : c ^ c' . However, as we have noted in Subsection 11.51 quasiisomor- 
phic ^oo-coalgebras may have different categories of Aoo-comodules, and in 
particular, acyclic complexes T^{f) cannot be replaced with 0. 

6.3.1 The complexes. Fix an object c € C. For any n > 1, let C^(c) 
be the groupoid of diagrams ci ^ • • • — > — > c in C and invertible maps 
between them, and let Cn(c) C C^(c) be the full subcategory spanned by 
such diagrams that 

• the map Cn ^ c is not an isomorphism. 

As in Subsection II. 3| let ■ C'^ ^ C he the functor which sends a diagram 
to ci G C. For any E G Fun(S'(C I F), Ab), let 

(6.8) K,.{E)=C.{Cn{c),a*^q*E). 

For n = 0, set $g^o(-^) = -^(c) and = for i / 1. As in Sub- 

section [L3l define a second differential d : — )• <I>^, (S) as the 
alternating sum of maps d*, 1 < i < n, where (f removes the object Cj from 
the diagram, and let ^'^{E) be the total complex of the resulting bicomplex. 

Any map f : c ^ c acts on the diagrams ci ■ ■ ■ Cn ^ c by 
composition on the right-hand side; this turns into a complex 

of representations of the group Aut(c). 

Lemma 6.15. The complex ^']{E) computes ^'^(E). 

Proof. By Proposition 16.51 it suffices to construct a functorial quasiisomor- 
phism 

(6.9) RHom^^^($^(^),M) ^ KRom' {q* E , Uc{M)) 

for any M G Fun((c),Ab). Computing the left-hand side of ()6.9p by ()1.6p . 

we get 

(6.10) 0RHom;-'($^(£;),M)^ 

-0 C-{{c)n.^,RRom+^-^{C.{C^{c),a*q*E),M)) 

0<n 0<j<n 

= C-(C,(c)x(c)„RHom-+i-'"«g*i?,M)), 

0<n 0<j<n 
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where (c)j is as in Subsection 11.31 For every diagram ci —t- •••—)• c„ —> c 
in C,fj(c), there exists a unique i, < i < n such that Cj — )• Cj+i is not 
an isomorphism, but cj = c for j > i + 1. Therefore we have a functorial 
decomposition 

C'nic) = ]J Ci{c) X {c)n-i, 
0<i<n 

and (j6.10p can be rewritten as 

0C-(C;(c),RHom-+i-"Kg:i?,M)). 

n>0 

To compute the right-hand side of ()6.9p . we can also use (|1.6p : this gives 
the same formula, except that C^(c) is replaced with the groupoid C„ of 
Subsection 11.31 and M is replaced by t*i>c{M). It remains to notice that by 
the definition of the functor Vc, the terms corresponding to C„ \C^(c) are all 
equal to 0. □ 

Now consider two objects c,c' £ C, and apply Lemma [6. 151 to the object 
T'^ G Fun(S'(C ; r),Z-mod). Recall that by definition, for any diagram 
a = [ci —)•••• — )• c„ ^ c] € C„(c) the group (q) = T*^ (ci) is the free 
abelian group generated by the space of maps from c' to ci . These maps can 
be incorporated into the diagram. For any map f : c' ^ c and any n > 1, 
denote by Cn{f) the groupoid of all diagrams c' — )• ci ^ • • • ^ ^ c such 
that the composition of all the maps is equal to /, and the last map c„ ^ c 
is not an isomorphism. Let 

(6.11) TlSf) = C.{Cn{f),'L), 

and extend it to n = by setting TQ^if) = Z for i = and otherwise. 
For any 1 < i < n, forgetting the object Cj in the diagram gives functors 
Cnif) Cn-i{f) and the corresponding maps di : Tn{f) Tn^i{f); define 
a second differential d : Cn{f) C„_i(/) as their alternating sum, and let 
TFif) the total complex of the corresponding bicomplex. By definition, 
we have an isomorphism of complexes 

/ec(c',c) 

6.3.2 Coaction. Consider a diagram a = [ci — > • • • — ?> c„ — > c] G C„(c). 
Since C I T has fibered products, we can form the fibered product diagram 
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Cl XqC y Cji Xq c 

the formal union 



c'. By definition, for any 1 < i < n, Ci Xc c' is 



Ci X p C 



n 



of some objects Ci^s G C, numbered by elements in a finite set Si. Denote 
S{a) = Si. Picking up an element s G S{a) uniquely determines an element 



s & Si for any i, and we obtain a diagram ci^, 
we have a commutative diagram 



c . Moreover, 



Cl 



fl,s 



-> c'. 



By assumption, the map Cj ^ c is not an isomorphism for any i, but the 
map Ci^c c' might well be. So, let i be the smallest integer such that all the 
maps Cj^s c, j > i are isomorphisms. Then ci^s —>■•••—>■ ^ c' is a well- 
defined object of the groupoid Cj(c), which we denote by ai^^ Moreover, 
composing the map fi^s '■ Ci^s Ci with the isomorphism d — )• Ci^s inverse to 
the map Cj s ^ c', we obtain a diagram 



■> Ci 



Cn 



C 



which gives an object in the groupoid Cn~i{f); we denote it by . 

These constructions are functorial, so that sending a diagram a to the 
formal union of the products a'p x q^^^ , s S 5i gives a functor 



/3n : Cn{c) 



]J Ci{d)x Cn-iif) ^r. 



, 0<i<n 



For any E G Fun(S'(C I F), Ab), we have a natural map 
where a* is obtained by extending the natural functor 

did) X Cn-lU) > Cn{d) C 

to wreath products. If E is additive in the sense of Definition SH then a*E 
is also additive, so that we have a canonical decomposition 
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We can then compose the map C.{f3.) induced by the functors /3. with the 
projections onto the terms of this decomposition and obtain a canonical map 
of complexes 



.12) 



6.3.3 Comultiplication and higher operations. Now assume given a 



third object c" S C and a map g : c" 
This gives a comultiplication map 



c', and apply I^TTIh to E = T" 



'>f,9 



■■T^{fo9)^T.{f)(S)T^{g) 



by the following procedure. Consider again a diagram a = [c" 
• • • — )• c„ ^ c] £ Cn{f ° g), and form the pullback diagram ci x^c' 



ci 



X. c' 



In this case, we also have a natural map c 



Cl Xc c 



this 



distinguishes a component c[ in the decomposition ci Xc c' = ]J ci^s, hence 
also a component in the decomposition Cj Xcc' = ]J Cj^^ for any I < i < n, 
and we have a commutative diagram 



Cr, 



C„ 



c'. 



We again take the smallest integer i such that c^_^_i — )• c' is an isomorphism, 
and obtain a functor 

f3'^:Cn{fog)^ H Q{g)xCn-^{f). 

0<i<n 

This functor induces our map bf^g. 

Moreover, since our functors are defined by pullbacks, they are 

associative up to a canonical isomorphism. This means that for any compos- 
able /-tuple of maps /i , • • • , // in the category Ci , we have canonical functors 



(3'i:Cn{fio---ofi)xIi 



U C„,(/i) X ... xC„,(//), 



"iH hni=n 



where Ii are the terms of the asymmetric operad of categories considered in 
Subsection II. 6| and these functors are compatible with the operad structure 
on //. Taking the bar complexes and using the operad map AsSqo — > C, {I, , Z) 
of Subsection II. 61 we turn T^{f) into a C-graded Aoo-coalgebra in the sense 
of Definition 11.111 The analogous functors I3n,i turn the collection ^'^(E), 
c (z C, into an Ab-valued 74oo-comodule over 
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6.4 The comparison theorem. We can now prove the comparison the- 
orem expressing VS fs{C, Ah) in terms of the coalgebra 7^(— )• 

Definition 6.16. The category VTiC, Ab) = V{T^,Ah) is the derived cat- 
egory of Ab-valued ^oo-comodules over the C-graded ^oo-coalgebra 7^(— )■ 
An object E, € VTiC, Ah) is finitely supported if E,{c) = except for c 
with isomorphism class in a finite closed subset U C [C]; the full subcat- 
egory spanned by finitely supported objects is denoted by VTfs{C, Ah) C 
X'r(C, Ab). 

In the last Subsection, we have constructed a functor : Fun(S'(C I 
r),Ab) -> VTiC, Ah). Taking the total complex of a double complex, we 
extend it to a functor 

: VS{C, Ah) VT{C, Ah). 

(There is the usual ambiguity in taking the total complex of a possibly 
infinite bicomplex - we can either take the sum of the terms on a diagonal, 
or the product of these terms. Here we take the sum.) 

Theorem 6.17. The functor induces an equivalence 

: VSf s{C, Ah) ^ VTfs{C, Ah). 

Proof. For any subset U C [C], let Cu C C he the full subcategory spanned 
by objects with isomorphism classes in C, with the embedding functor ljj : 
Cu — ?• C, and let T^'' { — ) = i^ijT'"{ — ) be the C[/-graded 74oo-coalgebra made 
up of the complexes T^{f) with / in Cu- Let VTuiC, Ah) be the triangulated 
category of ^oo-comodules over T^'^ . We have the restriction functor : 
T>T{C, Ah) — >■ T>Tu{C, Ah), and for any two subsets U' C U, we have a 
restriction functor ijjiji '■ 'D7'u{C,Ah) —?■ VTwiC, Ah). If U is closed, and 
either U' C U oi the complement U \U' C is also closed, then we have an 
obvious inverse functor X>7[/'(C, Ab) — )• VTu{C, Ah) given by extension by 
— explicitly, M G VTu'iC,Ah) is sent to M' G VTu{C, Ah) such that 

^,(,) ^ iMiO. Ic] e U', 
lO, otherwise, 

with the obvious structure maps. If it was U' which was closed, then this 
extension functor is right-adjoint to the restriction functor i^jj, (this is 

obvious for the homotopy categories Ho(7^''^, Ab), Ho(7^t',Ab), and since 
both restriction and extension preserve acyclic comodules, the adjunction 
descends to the derived categories). 
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Lemma 6.18. For any two finite closed subsets U' <ZU d [C\, the category 
'D7lj{C, Ah) admits a semiorthogonal decomposition 

{VTuw'iC, Ah), VTwiC, Ah), 

where the embeddings 'DTu\u'{C, Ah) C VTu{C, Ah) and VTu'iC, Ah) C 
VTuiC, Ah) are given by extension by 0. 

Proof. By adjunction, VTu'iC, Ah) C VTuiC, Ah) is left-admissible, with 
the projection given by restriction. On the other hand, VTjj \ij'{C, Ah) by 
definition is exactly the kernel of the restriction functor. □ 

Lemma 16.181 implies by induction that VTfsiC, Ah) = L)u'DTu{C, Ah), 
the union over all finite closed U C [C], where VTijiC, Ah) is identified with 
the full subcategory in VT{C, Ah) spanned by objects E, such that E, (c) = 
unless [c] G U . The comparison functor <1>. obviously sends 'DSu{C, Ah) into 
P7[/(C,Ab), and it suffices to prove that it is an equivalence for any finite 
closed U C [C]. Fix such a subset U , take an object c G C whose isomorphism 
class [c] is a maximal element in U , and let U' = U\{[cW. By induction on 
the cardinality of U, we may assume that : 'DSjji{C, Ah) VTuiC, Ah) 
is an equivalence. Moreover, for any invertible map /, the groupoids Cn{f), 
n > 1 are obviously empty, so that T^{f) is Z placed in degree 0. Therefore 
the category X'7{[c]}(C, Ab) is equivalent to P((c), Ab), and the functor 

: ^VSu'{C, Ah) ^ V{{c),Ah) ^ VT{[c]}{C , Ah) 

is also an equivalence. Then by Corollary 16.141 VSu>{C, Ah) C VSuiC, Ah) 
is admissible, so that by Lemma [L3t it suffices to prove that sends 

VSu'{C, Ah)^ = lnfl"(P((c),Ab)) C VSu{C, Ah) 

into VTu'iC, Ah)^ C VTu{C, Ah). 

Indeed, denote Ho{c} ^ Ho(r^{<=} , Ab), Hof/ = Ho(r'^t^, Ab). Then the 
restriction functor Ho(/ — )• V\o{c} has an obvious right-adjoint I : Ho|[c]} 
Ho(/ which sends a complex M. of Aut(c)-modules into an ^oo-comodule 
l(M.) such that 

/ \ Aut(c) 

(6.13) l(M.)(c')= ( r.(/)®M. I 

\/6C{c,c') / 

If the complex M. is /i-injective, then l(M. ) is also /i-injective by adjunction, 
so that its image in the quotient category VTuiC, Ah) lies in VTu'{C, Ah)^ C 
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P7[/(C,Ab). However, since Ho{c} is equivalent to the category of un- 
bounded complexes of functors in Fun((c),Ab), every object has an h- 
injective replacement. Thus we can take any object M' = Infl'^(M) € 
VSu'{C, Ah)^, and choose an /i-injective complex M. of Aut(c)-comodules 
representing M = $^(M') G I'((c),Ab) = P(Aut(c), Ab). Then by defini- 
tion, M' = Infl'^(M) is represented by the complex 

lnfl^(M.) = (M. OT^)^"*(^), 

and we see that ^.{M,) G VTuiC, Ab) is precisely isomorphic to □ 

Remark 6.19. As the proof of Theorem 16.171 shows, every finitely sup- 
ported object in the category Ho(7^,Ab) does have an /i-injective replace- 
ment. As we have mentioned in Subsubsection ll.5.3( this property seems 
rather special. 

6.5 Induction and products. Assume now that the category C has a 
terminal object, as in Subsection 15.21 Then 'DS{C, Ah) is a tensor category, 
and by Proposition [5i6] all the fixed points functors are tensor functors, so 
that the subcategory T>Sfs{C, Ab) C VS{C, Ab) is closed under tensor prod- 
ucts. To describe the tensor product structure on T>Sfs{C, Ah) in terms of 
the equivalent category VTfs{C, Ab), one would have to introduce a product 
on the C-graded ^oo-coalgebra - more precisely, an associative product 
on the complex 'T^{f) for any map / in C. In keeping with the Tanakian 
formalism, then becomes a "C-graded Hopf algebra", with an induced 
tensor product on the category VT{C, Ah). 

Unfortunately, it seems that the particular C-graded ^oo-coalgebra 
that we have used in Theorem 16.171 does not have a natural Hopf algebra 
structure. Possibly this could be healed by taking some quasiisomorphic 
Aoo-coalgebra, or using a Segal-like notion of a "special A^o P^-coalgebra" 
instead of a commutative A^o Hopf algebra, but I haven't pursued this. 
Nevertheless, we have a simpler result which we will need for applications 
in Section [HI 

Consider the trivial C-graded coalgebra Wf given by lP{f) = Z for any 
map / in C. Then since C is assumed to be Hom-finite, the derived category 
'D{lf ,Ah) of Ab- valued ^oo-comodules over if is equivalent to the derived 
category P(C°PP,Ab). Moreover, since T^if) = Z = Z'^(/) for any /, we 
have a natural map 
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where stands for the 0-th term of the stupid filtration. This map induces 
a corestriction functor A* : V{C°pp, Ah) ^ V{Z'^,Ah) VT{C, Ah). Exphc- 
itly, for any Z''-comodule E,, we have X*E,{c) = E,, c G C, and for any map 
/ : c' ^ c in C, the comodule structure map of Definition 1 1.1 II is the natural 
map 

E.{c) E.{c')®Z = E.{c')®ZC{f) E.{c')0T^{f), 

with all the higher maps being equal to 0. Moreover, for any complex 
E, of pointwise-fiat functors in Fun(C°^^,Ab) and any Aoo-comodule M. 
over T^, we have an obvious j4oo-comodule E, (8) M. over T^^ , with (E, (8> 
M,){c) = E,{c) M. (c), and with the comodule structure maps obtained 
as the products of the comodule structure maps for M, and the canonical 
maps 

E.{c)^E.{c') 

for any composable n-tuple /i, ■ • • ,/n of maps in C with the composition 
fi o ■ ■ ■ o fn being a map from c to c'. This preserves quasiisomorphisms, 
thus descents to a tensor product functor 

(6.14) V{C°PP, Ah) X VT{C, Ah) VT{C, Ah). 

Lemma 6.20. Under the comparison functor : 'DS{C, Ah) VTiC, Ah) 
of Theorem \6A% the induction functor q°^^ : V{C"PP,Ah) VS{C, Ah) of 



Subsection \5.3\ aoes to the corestriction functor \* - that is, we have a natural 
functorial quasiisomorphism 

(6.15) $.(gr(i^.)) = A*S. 

for any E, £ V{C°PP,Ah). Moreover, for any objects E, £ V{C°pp, Ah), 
M, E 'DS{C, Ah), we have a natural isomorphism 

(6.16) ^.{{q^'^'E.) ^ M.) ^ E. (B)^.{M.), 
where the product in the right-hand side is the product (|6.14p . 

Proof. Both claims immediately follow from Proposition 15.81 □ 



7 Tate homology description. 

We will now use Theorem 16.171 to obtain an explicit and useful description 
of the gluing data in the semiorthogonal decomposition of Corollary 16.121 
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7.1 Generalized Tate cohomology. Assume given a finite group G, and 
a family {Hi} of subgroups Hi C G. For every Hi, we have the induction 
functor 

Ind^* : V^{Hi,Z) ^V\G,Z), 

where V\G,Z), resp. 'D^{Hi,'Z) are the bounded derived categories of Z[G], 
resp. Z[Hi]-modules; this functor is adjoint both on the left and on the right 
to the natural restriction functor 'D'^{G,Z) — )■ 'D''{Hi,Z). Let 

V\H^y{G,Z)cV\G,Z) 

be the full thick triangulated subcategory spanned by direct summands of 
objects of the form Ind^'lV.), K G V\Hi,Z), Hi G {Hi}, and denote by 

V{G,{Hi},Z) = V\G,Ah)/V\H^y{G,Z) 

the quotient category. 

Definition 7.1. The generalized Tate cohomology H' (G, {Hi}, M,) of the 
group G with coefficients in an object M. € V^{GZ) with respect to the 
family {Hi} is given by 

H-{G,{Hi},M.) = Ext^(c,{i/,},Ab)(^'^-), 

where Z is the trivial representation of the group G, and Ext'(— ,— ) is 
computed in the quotient category 'D{G, {Hi},Z). 

By the definition of the quotient category, H'{G, {Hi}, M.) is expressed 
as follows. Consider the category I{G,{Hi}) of objects Vi G V^{G,Z) 
equipped with a map V. — > Z whose cone lies in j^(G,Z) C P''(G,Z). 
Let / = I{G, {Hi})°PP be the opposite category, and let 

(7.1) ci = i{G, {Hi}ypp 

be the subcategory spanned by those V. which can be represented by com- 
plexes of finitely generated Z[G]-modules. Then we have 

(7.2) H-{G,{Hi},M.) = limExt-(V.,M.), 

where the limit is taken over the category I^^, and Ext'(— , — ) is computed 
in the category D(G, Z). Sending V. to the dual complex V* identifies I-^^ 
with the category of objects V* in V^{G, Z) which are represented by finitely 
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generated Z[G] -modules and equipped with a map Z — >■ V* whose cone hes 
in Z). Then (|7.2p can be rewritten as 

H-{G,{Hi},M,) = limH-{G,M.0V.), 

where again the hmit is over Since /-^^ is small and filtered, the limit 
is well-defined, and gives a cohomological functor. 

We can use the same expression to define Tate cohomology with coeffi- 
cients. Namely, let P''(G, Ab) be the derived category of representations of 
the group G in the abelian category Ab. 

Definition 7.2. The generalized Tate cohomology H' (G, {Hi}, M.) of the 
group G with coefficients in an object M. G V\G Ab) with respect to the 
family {Hi} is given by 

H'iG,{Hi},M.) = lhnH'{G,M.^V.), 

where the limit is taken over the category I^^ C I = I{G, {Hi}) of (j7.ip 

Again, since Ab is by assumption a Grothendieck category, and I-^^ is 
small and filtered, generalized Tate cohomology is a well-defined cohomo- 
logical functor from P(G, Ab) to Ab. 

Lemma 7.3. For any M G D(G,Ab) and any W. G Z-mod) 
which can be represented by a bounded complex of finitely generated TL\G\- 
modules, we have 

H'{G,{Hi},M®W.) = 0. 

Proof. Let W'^ = Z (BW., and let w : ^ be the functor which sends 
V. € to W'^ V. = V. © (V. (8) VF.). Then w is obviously cofinal in the 
sense of jKSj . so that the natural map Id — > u; induced by Z — >■ W'^ gives an 
isomorphism 

lim H' (G, M ® K ) ^ lim H' [G, M ® W[ V.), 

where both limits are over V. G I-^^. Since H' is a cohomological functor, 
this proves the claim. □ 
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7.2 Adapted complexes. In practice, the index category 1^^ is still too 
big. To be able to compute generalized Tate cohomology more efficiently, 
we use the following gadget. 

Lemma 7.4. Assume given a bounded from above complex P. of finitely 
generated Z[G]-modules. For any integer I, denote by F^P. the {—l)-th term 
of the stupid filtration on P, . Then the following conditions are equivalent. 

(i) For any of the subgroups Hi E {Hi} and any integer I, there exists an 
integer I' > I such that the map 

F^P, F^'P, 

becomes after restricting to T>{Hi,'L). 

(ii) For any V, G Z), we have 

lhjiH'{G,V.(^F^P.) = 0. 

^■ 

(iii) For any V. € 2?{/^,}(G, Z), any Grothendieck abelian category Ab, and 
any M € X'(G, Ab), we have 

lim H' (G, M ® V. ^ F^P, ) = 0. 

I 

— > 

Proof. The condition (iii) contains (ii) as a particular case. By adjunc- 
tion, (i) implies (iii) for V. of the form lnd^"(V;'), G V{Hi,Z). Since 
'D^ff.j{G,Z) consists of direct summands of sums of such V., this condi- 
tion on V, can be dropped. Finally, (ii) applied to a bounded complex V. 
of finitely generated Z[G]-modules can be rewritten as follows: for any /, 
any map k : V* ^ F^P, becomes after composing with the natural map 
F'P. F^' P. for sufficiently large I' > I. Applying this to V* = lnd^'(F'P.) 
with K being the adjunction map yields (i). □ 

Definition 7.5. A complex P. of Z[G]-modules is said to be adapted to the 
family {Hi} if 

(i) Pj = for i < 0, Pq = Z, and for any z > 0, Pj is a flat Z-modules of 
finite rank, and is a direct summand of a sum of Z[G]-modules induced 
from one of the subgroups Hi , and 

(ii) the complex P. satisfies the equivalent conditions of Lemma 17.41 
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Proposition 7.6. Assume given a finite group G, a family {Hi} of sub- 
groups Hi C G, and complex P, of 7j[G]-modules adapted to the family {Hi}. 
Then for any M, € T>^[G, Ab), we have an isomorphism 

(7.3) H' {G,{H,},M.) ^MraH' {G,M. F^P.), 

— s- 

where F^P, is as in Definition \ 7. 5| (ii), and this isomorphism is functorial 
in M.. 

Proof. Denote for the moment 

Hl{G,{H,},M.)^\imH'{G,M.(^F^P.). 

I 

— 5- 

Consider the product 1^^ x N of the index category I^^ of ()7.ip and the 
partially ordered set of non-negative integers. Computing the double limit 
first in one order, then in another, we obtain an isomorphism 

\iinH'{G,{Hi},M.®F^P.)^YimH'{G,{Hi}M.(^F^P.®V.) 

A- 

^\i^Hl{G,{Hi}M.(^V.), 

where the last limit is over V. € 1^^ , and the intermediate limit is over 
V. x / e /-^f xN. By Lemma O and Definition [73] (i), H'{G,{Hi}M0F^P,) 
does not depend on so that 

limH'{G,{H,}M.^F^P.)^H-{G,{Hi}M.). 

By Definition [73] (ii) in the form of Lemma [73] (iii) , H'^iG, {Hi}M. (g) V.) 
does not depend on V. € I^^ , so that 

lim^;(G, {Hi}M. K) = KiG, {H^}M.). 
This finishes the proof. □ 



Example 7.7. Take as {Hi} the family consisting only of the trivial sub- 
group {e} C G. A Z[G]-module is induced from {e} if and only if it is 
free, so that the category X'|^ |(G, Z) consists of direct summands of fi- 
nite complexes of free Z[G]-modules - equivalently, these are the perfect 
objects in P''(G, Z). Thus in this case, H' {G, {e}, —) is the standard Tate 
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(co) homology functors. Further, Definition 17.51 (ii) simply means that the 
complex P. is acyclic (thus contractible as a complex of abelian groups), 
and Definition 17.51 (i) means that Pi is a finitely generated projective 7L\G\- 
module for any i > \. This gives the standard procedure for computing 
Tate homology: take a projective resolution P. of the trivial representation 
Z and let P. be the cone of the augmentation map P. Z; then 

H'{G,V.) ^ limH'{G,V.(g) F^P,) 

I 

— >■ 

for any V. G P^(G,Z-mod). 

In general, there are different ways to construct an adapted complex for 
a finite group G and a family {Hi}; we will present one construction later 
in Subsection 17. 5[ 

7.3 Tate cohomology and fixed points functors. Now assume given 
a small category C of Galois type, and consider the category VSfsiC, Ab) = 
VTf s{C, Ah), as in Theorem 16.171 We want to express the gluing data be- 
tween the pieces of the semiorthogonal decomposition of Corollary 16.121 in 
terms of generalized Tate cohomology. 

The main result is as follows. Take a morphism / : c' — > c in C, and 
consider the corresponding complex T^{f) of (j6.1ip . Denote by Aut(/) C 
Aut(c') the subgroup of those automorphisms a : d ^ d that commute with 
/, / o o" = /. This group acts on every set C„,(/) by left composition, that 

T / /i , / f 

IS, a diagram c — > ci ^ ■ ■ ■ ^ Cn c goes to c — > ci —>•••—)■ c„ c. 

Thus Aut(/) also acts on T^{f)- Moreover, for any diagram a = [c' — >• ci — >• 

c] E Ci(/), let Aut(a) C Aut(/) be its stabilizer in the group Aut(/). 

Proposition 7.8. The complex T^{f) equipped with the natural action of 
the group Aut(/) is adapted to the family {Aut(a)|a € Ci(/)} in the sense 
of Definition \7.5\ 

Proof. The condition (i) of Definition 17.51 is obvious: the stabilizer of any 
diagram c' ^ ci ^ • • • ^ c„ — > c is contained in the stabilizer of the diagram 
c' ^ ci — )• c obtained by forgetting Cj, i > 2, so that it suffices to use the 
following trivial observation. 

Lemma 7.9. Assume given a finite group G with a family of subgroups 
{Hi}, Hi C G, and let X be a finite G-set such that the stabilizer Gx of 
any point x ^ X is contained in one of the subgroups Hi. Then the set 
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Z[X] with the natural G-action lies in the subcategory Z-mod) C 

P^(G,-mod). □ 

To check the condition (ii) in the form of Lemma 17.41 (ii) , consider the 
category Cc of Corollary ESI Let Cf he the category of diagrams c' — ?> ci ^ c 
such that the composition map c' — )• c is equal to /, and let vr-^ : Cj — ?• Cc 
be the projection functor which sends an object [c' ci ^ c] of Cf to 
the object [ci — )• c] of Cc- This is a discrete cofibration. Let = 
Fun(Cc, Z-mod). The group Aut(/) acts on , and we have 

7:^(/)^<i>^(T^), 

where ^*^(— ) is the complex (j6.8p . For any subgroup H C Aut(/) and any 
/i-injective complex V. of Z[ff] -modules, we have 

lim (v. O F^T^{f)Y = limF'$.(T-^ K)^ = ^.{T^ ® V.)" , 

— >■ — >■ 

and by Lemma I6.15| this computes 
(7.4) (v. ® T-^' ^ 



It suffices to prove that this is trivial whenever H = Aut(Q:) for some a = 
[c' ^ ci — >■ c] € Ci{f). Indeed, fix such an a, and denote its component 
maps by /i : c' — > ci, /2 : ci — )• c. Then we have the category Cci and the 
functor T^^ € Fun (C^, Z- mod), and the group Aut(a) = Aut(/i) acts on 
T-^i. Moreover, composition with /2 defines functors p : — )• Cc, p' ■ Cf^ 
Cf, and we have a commutative diagram 



Ch Cf 



Cci ^ Cc • 

Since both Cf^ and Cf have an initial object, and p' preserves them, we have 
L' p\7j = p'{L = Z, so that we have an isomorphism 

and this isomorphism is Aut(a)-equivariant. This yields a quasiisomorphism 

\ Aut{o) / \ Aut(a) 
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so that by Corollary 16.91 (|7.4p is of the form ip'^L' p\E, for some E. € 
P(Cj^, Z-mod). This is equal to 0: by definition of the functor ip^, we have 

Hom(v?^L>,S.,M.) ^ Rom{L'piE,,M, (^T) ^ Hom(^., /9*T M.) 

for any M. G P(Ab), and p*T = 0. □ 

Corollary 7.10. For any Galois-type category C and two objects c,c' G C, 
the homology ■H'($nnfl'='(M.)) of the object lnfl'='(M.) G V{Ah) is given 
by 

(7.5) n'{^'\nif'{M.))^ ^•(Aut(/),{Aut(a)|aGCi(/)},M.) 

/ec(c',c) 

/or any M. G ^((c'), Ab). □ 

To write down a formula for $^ Infl*^ , the gluing functor in the semi- 
orthogonal decomposition of Corollary 16. 121 one has to incorporate the nat- 
ural Aut(c)-action on <1>^ into (17. 5p : we leave it to the reader. 

7.4 Invertible objects. Let us say that an object M G P is a triangu- 
lated tensor category V is invertible if the functor M ® — : T> V given by 
multiplication by M is an equivalence (for example, a unit object / G 2? is 
invertible, and so are all its shifts /[/], / G Z). For simplicity, for the moment 
we restrict our attention to the case Ab = Z-mod. Keep the assumptions of 
the previous subsection, and assume also that C has a terminal object, so 
that 'DS{C,Z) is a tensor triangulated category. In addition, assume that 
[C] is finite, so that T>Sfs{C,'L) = T>S{C,'L). As an application of Propo- 
sition 17.81 let us prove the following criterion of invertibility for objects in 

vr{c,z) ^vs{c,z). 

Proposition 7.11. Assume given an object M G X'(C°^^,Z) such that 

(i) the restriction M{c) = j^*M G P((c),Z) with respect to the inclusion 
j'^ : {c) ^ C is invertible for any c & C, and 

(ii) for any map f : c' —j' c in C , equip M{c) with the trivial Aut{f) -action, 
so that the map M{f) : M{c) — ?■ M(c') is Aut{f) -equivariant. Then 
the cone of this map lies in 

(7.6) P{AutH|aeCi(/)}(Aut(/), Z-mod) C P^(Aut(/), Z-mod). 
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Then the induced object q^^M G T>S{C,'L) is invertible. 

Proof. Let M : DT{C, Z) — t- DTiC, Z) be the functor given by multiplication 
by M, M{E) = M ® E. By ([67T5]) of Lemma E^Ql M preserves supports: 
if € P5(C,Z) is supported in some subset U C [C], then M[E) is also 
supported in U . Thus as in the proof of Theorem 16.171 it suffices to prove 
that 

is an equivalence for any finite closed U d [C\. Take a maximal element 
[c] € U and let U' = U \{[c\}. Then M sends the pieces of the semiorthog- 
onal decomposition of Lemma 16.181 into themselves. By induction, M is an 
autoequivalence of I?7^/'(C,Z), and by the condition (i), M is also an au- 
toequivalence of the orthogonal "'"I'7t/'(C, Z) = I'((c),Z). Again as in the 
proof of Theorem 16.171 by Lemma 11.31 it suffices to prove that M sends the 
orthogonal X'7[/'(C, Z)-*" into itself. But every object in this orthogonal is of 
the form l(-E'.) for some /i-injective complex E, of Aut(c)-modules, where I 
is as in ()6.13p . and by Corollary 1 7 . 1 1 and Lemma [7.31 the condition (ii) then 
implies that hA{\{E,)) is quasiisomorphic to \{E, ®M{c)). □ 

7.5 The case of Mackey functors. We now turn to the case of Mackey 
functors - we assume given a group G, and take C = Og, the category of 
finite G-orbits. First, we fulfil two earlier promises - give a construction of 
an adapted complex, and prove that inflation is fully faithful. 

Lemma 7.12. For any finite group G with a family of subgroups {Hi}, there 
exists a complex P, of ZlG] -modules adapted to the family {Hi} in the sense 
of Definition \7.5\ 

Proof. Note that we may assume that together with any subgroup Hi C G, 
the family {Hi} contains all the subgroups H C Hi - adding such subgroups 
to the family does not change the conditions of Definition 17.51 (nor of Def- 
inition [72]) • Having assumed this, consider the full subcategory C C Oq 
spanned by the one-point orbit [G/G] and all the orbits [G/Hi], Hi G {Hi}. 
For any subgroup Hi, H2 C G, every G-orbit in the product G/Hi x G/H2 
of of the form G/H' for some H' C Hi. Therefore the category C is of 
Galois type, so that Proposition 17.81 applies. Take as / the unique map 
/ : [G/{e}] ^ [G/G]; then G = Aut(/), Aut(a) G {Hi} for any a G C[{f), 
and (/) is the required adapted complex. □ 
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Lemma 7.13. Assume given a normal subgroup H C G with the quotient 
N = G/H . Then the inflation functor 

M\a : VM{N, Ah) VM{G, Ah) 

is fully faithful. 

Proof Let U C [Og] be the set of orbits [G/H'] such [G/H] > [G/H'], 
that is, there exists a G-equivariant map G/H — )• G/H', that is, H' <Z G 
contains a conjugate of H C G. Since H C G is assumed to be normal, H 
itself must be contained in H' . Therefore the orbits G/H' , [G/H'] € U are 
in one-to-one correspondence with orbits N / [H' / H) of the quotient group 
N = G/H, and the full subcategory in Og spanned by objects with classes 
in U is equivalent to the category On- Moreover, it is easy to see that the 
embedding On C Og is compatible with the graded Aoo-coalgebras T. - for 
any map / in On, we have 

r^^(/) = r^^(/). 

— TV 

Thus VM{N, Ah) ^ VTu{Og, Ah) C VM{G, Ah), and Infl^ is the fuh 
embedding VTu{Og, Ab) C VT{Og, Ah) = VM{G, Ah). □ 

Now we make the following easy observation. 

Lemma 7.14. Assume given a Galois-type category C with the correspond- 
ing C-graded A^-coalgehra of Definition \6.16\ another C-graded A^o- 
coalgebra 7^', and an A^-map v : T^' ^ such that 

(i) if f is invertihle, the map v : T^{f) T^if) is an isomorphism, 

(ii) for a non-invertible f : c' ^ c and any 'Z[Aut{f)]-module V, the map 
V induces an isomorphism 

(7.7) limF-(Aut(/),y.0F'r'(/)) = limF-(Aut(/),K®i^'r^(/)), 

where F'T^, F'T^ are the stupid filtrations. 

Then the corestriction functor v* induces an equivalence between the derived 
category VTfs{C, Ah) of finitely supported Aao-comodules over and the 
category VTfg{C, Ah) of finitely supported Aoo-comodules over 7^'. 
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Proof. The same as Theorem 16.171 and Proposition 17.111 since C is lattice- 
like, both categories have filtrations by support and the corresponding semi- 
orthogonal decompositions, and the corestriction functor v* is compatible 
with these decompositions. Then (i) insures that z^* is an equivalence of 
the associated graded pieces, and (ii) insures that u* is compatible with the 
gluing. □ 

The condition (ii) of this Lemma is satisfied, for example, when 7^'(/) 
is adapted to {Aut(a)} for any /, as in Proposition 17.51 However, it can 
also be satisfied for other reasons: for instance, if the right-hand side of 
(j7.7p is equal to 0, the left-hand side may just be trivial, 7^'(/) = 0. This is 
especially useful in the Mackey functors case, for the following reason. 

Lemma 7.15. Let G be a finite group, and let {Hi} be the family of all 
proper subgroups H C G. 

(i) The generalized Tate cohomology H' {G, {Hi},V) with coefficients in 
any Z[G]-module V is trivial unless G is a p-group for some prime p, 
and in this case, it is annihilated by p. 

(ii) If G is a cyclic prime group, G = Z/p" for some prime p and integer 
n>2, then H'{G, {Hi},V) = for any Z[G]-module V. 

Proof. For a proper subgroup H C G, we have the natural induction and 
coinduction maps Z Ind^(Z), lndf?(Z) Z, and their composition is 
multiplication by the index \G/H\ of the subgroup H. Therefore multiplica- 
tion by \G/H\ is trivial in the quotient category T){G, {Hi}, Z-mod), hence 
annihilates generalized Tate cohomology. If G is not a p-group, then the 
greatest common denominator of the indices of its Sylow subgroups is 1, so 
that 1 also annihilates Tate cohomology. If G is a p-group, then it contains 
a subgroup of index p. This proves (i) . 

For (ii), note that for any n, the second cohomology group H'^('I^/p^Z, Z) 
contains a canonical periodicity element Un represented by Yoneda by the 
exact sequence 

> Z > Z[Z/p"Z] Z[Z/p"Z] > Z > 0, 

where a is the generator of the cyclic group Z/p^Z. For any positive in- 
teger n' < n, we have a natural quotient map Qn^n' '■ Z/p"Z Z/p" Z, 
and one easily checks that qnn'i^n') = p"^" u„. In the quotient category 
T>{G, {Hi}, Z-mod), all the objects (7* ^,Z[Z/p"''Z] become trivial, so that 
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all the maps qn,n'Un' are invertible. If n > 2, this implies that p is invert- 
ible. Since p annihilates Tate cohomology by (i), this is only possible if 



Corollary 7.16. Assume that G is a finite group whose order is invertible 
in the category Ah. Then 



where the sum is over all the conjugacy classes of subgroups H C G, and 
T){Nh / H, Ah) is the derived category of the representations of the quotient 
Nh/H of the normalizer Nh of the subgroup H C G by H itself. 

Proof. Since G is finite, everything has finite support, 'DS{Oc, Ah) = 
VSfsiOc, Ah) = VTfsiOc, Ah). Moreover, every map / between two G- 
orbits is isomorphic to the quotient map [G/H] — )• [G/H'] for some sub- 
groups H C H' C G, the automorphisms group of an object [G/H] is 
precisely Nh/H, and for any map / : [G/H] — > [G/H'], any proper sub- 
group in the automorphisms group Aut(/) is of the form Aut(a) for some 
a e Ci{f). Now take T!{f) = T^{f) for invertible /, TUf) = otherwise, 
and apply Lemma 17.141 The condition (ii) is satisfied, since the left-hand 
side of (|7.7p is isomorphic to H' {Ani{f), {Aut(a)}, — ), and this is trivial by 
Lemma 17.151 □ 

In the ordinary, non-derived Mackey functor case, this is a Theorem of 
Thevenaz [Tl ]. 

Now take Ab arbitrary, G possibly infinite, C = Og- In this case, we 
can still use Lemma [7. 141 and Lemma [7. 151 to simplify the Aoo-coalgebra . 
Namely, any map between two finite G-orbits is isomorphic to the quotient 
map / : [G/H] [G/H'], where H C H' C G are subgroups of finite index. 
Denote by lnd(/) the index of H in H'. Then one can replace with the 
C-graded Aoo-coalgebra 7^' defined as 



Again, by Lemma [7. 151 (i) this will not change the category 2?7^(C,Ab). 



H-iG,{Hi},-) = 0. 



□ 



VMiG,Ah) ^ V{Nh/H, Ah), 



HCG 




lnd(/) = p"' for some prime p, 
otherwise. 
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7.6 Cyclic group. We can go even further in the important special case 
G = 7,, the infinite cychc group. For every integer n, choose a projective 
resolution of the trivial Z[Z/nZ]-module Z. For example, we can take 
the standard periodic resolution 

(7.8) Z[Z/nZ] Z[Z/nZ] Z[Z/nZ], 

where a € Z/nZ is the generator. Let be the cone of the augmentation 
map PJ* ->■ Z (that is, Pq = Z, and P" = Pl^i for / > 1). For any morphism 
/ : c' ^ c in Oq from c' = [Z/n'Z] to c = [Z/nZ], define the complex T,{f) 

by 

'Z, lnd(/) = l, 

T: (/) = I P"' , I nd (/) = ^ = p is prime, 
_0, otherwise. 

To extend this to an Aoo-coalgebra, we need to define co-multiplication 
maps, and the only possible non-trivial comultiplication maps are those that 
encode Aut(c') x Aut(c)-action on ^f^OaiC c) T'.if) the case lnd(/) = p, 
n' = np. For any c = [Z/nZ] G Og, we have Aut(c) = Z/nZ. More 
generally, for any c' = [Z/n'Z], c = [Z/nZ], n' divisible by n, we have 
Og{c' ,c) = Z/nZ, and the group Aut(c') x Aut(c) acts transitively on this 
set; we have 

Og{c!,c) = (Aut(c') X Aut(c))/Aut(c'), 

where the embedding Aut(c') C Aut(c') x Aut(c) is the product of the iden- 
tity map Aut(c') Aut(c') and the natural projection Aut(c') = Z/n'Z 
Aut(c) = Z/nZ. In the particular case n' = np, we take the given Z/n'Z- 
action on P" , and induce the Aut(c') x Aut(c)-action on ^f^Oaic' c) "^(Z) 
via the identification 

feOG{c',c) feOGic',c) 
All the higher maps bn, n > 3 are set to be trivial, 6„ = 0. 

Proposition 7.17. With the notation above, the category ^^/^(OcAb) 
is equivalent to the derived category of finitely supported Ah-valued A^o- 
comodules over the Og -graded A^-coalgebra T.. 

Proof. First, wc construct a map of O^-graded ^oo-coalgebras u : T. ^ 
TP°. If lnd(/) = 1, in other words / is invertible, we have 77(/) = 
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7;Cg(/) = Z by definition. If lnd(/) is not prime, T.{f) = 0, so tfiat ttiere is 
nothing to define. It remains to define an Aut(c') x Aut(c)-equivariant map 

^^:'7:(/)^r^«(/) 

for any map / : c' ^ c of prime index lnd(/) = p, c = [Z/nZ], c' = 'Lj'pnL. 
We have Aut(c') = "L/nplj, and by adjunction, defining v is equivalent to 
defining an Z/pnZ-equivariant map 

!7:P7^7:(c',c)= T?^'{f). 

Both complexes are acyclic. In degree 0, P^^ = Z, T^^{c' ,c) = Z[Og'(c',c)] 
is a free Z/npZ-module, and we take as V the natural map which identifies 
Z with the subgroup of Z/npZ-invariants in [c' ,c). In higher degrees, 
P'^^i is a resolution of Z, and T^^{c',c) is a resolution of T^^{c',c). But 
the resolution P"_^i is by definition projective; therefore the given map z7 : 
Pq^ — >■ T^°{c' ,c) extends to a map of resolutions V : P^^^i — >■ T+i(c',c). 

To finish the proof, it remains to check the conditions of Lemma 17.141 
The condition (i) is satisfied by definition. As for (ii), it is satisfied unless 
lnd(/) is prime by virtue of Lemma l7.15l (ii). Andif lnd(/) = p is prime, both 
T^'^{f) and T. are complexes of Z[Aut(/)]-modules adapted to the family 
of Lemma 17.151 (which in this case consist of the unique proper subgroup 
in Aut(/) = Z/pZ, namely, the unit subgroup {e} C Aut(/)). This also 
implies (ii) of Lemma 17.141 □ 

By Lemma [7.13l this description of the category VSfs{Oi-,-^h) also yields 
a description of the category 2?A^(Z/nZ, Ab) for every finite cyclic group 
'LjnL - one just restricts to the orbits [L/ll^ with I a divisor of n (for 
a finite group, the "finite support" condition becomes vacuous). In the 
simplest possible case G = Z/pZ, p prime, this boils down to the following. 

Corollary 7.18. Let G = 'L/p'L. Then the category VM.{G, Ab) is obtained 
by inverting quasiisomorphisms from the category of triples (V. ,W,, p) of a 
complex W. of objects in Ah, a complex V, of G -representations in Ah, and 
a map 

p:W.^C-{G,V.), 

where C'(G, V.) is the standard 2-periodic complex which computes Tate 
cohomology H'{G,V,) by means of the resolution (j7.8p . 

Proof Clear. □ 
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8 Relation to stable homotopy. 



To finish the paper, we fix a finite group G and explain the relation between 
the category of derived Mackey functors 'DM{G) and G-equivariant stable 
homotopy theory. We will only give a skeleton exposition so as to present the 
general principles. In particular, we will restrict our attention to finite CW 
spectra when giving proofs. To keep the text accessible to a person without 
knowledge of equivariant stable homotopy, we do recall some of the basics; 
for further information, the reader should construct the original references, 
which are |Brj for Subsection 18.11 and [LMSj for Subsection 18. 2i 

8.1 Spaces. The homotopy category Hom(G) of G-spaces is defined in a 
straightforward way: objects are topological spaces equipped with a continu- 
ous action of the group G, maps between them are continuous G-equivariant 
maps, a homotopy between two maps /, /' : X — )■ y is a continuous G- 
equivariant map F : X x I ^ Y with F = f on X x {0} and F = f 
on X X {1}, where / is the unit interval [0, 1] with the standard topology 
and trivial G-action, morphisms in the homotopy category are homotopy 
classes of maps. Note that in this category, for any subgroup H C G the 
functor X i— > X^ which sends a space X to the space X^ of iZ-invariant 
points is well-defined. As usual, to get a useful theory one passes to the cat- 
egory of pointed spaces, and restricts one's attention to the full subcategory 
spanned by CW complexes. Base points are assumed to be G-invariant. One 
also needs some compatibility condition between the G-action and the CW 
structure; a convenient notion is that of a G-CW complex — this is a CW 
complex X equipped with a continuous G-action such that for any g ^ G, 
the fixed points subset X^ C X is a subcomplex (that is, a union of cells). 
From now on, we will by abuse of notation denote the homotopy category 
of pointed G-CW complexes by Hom(G). 

For any subgroup H C G and any G-CW complex X, the fixed points 
subset X^ C X is obviously a CW complex. The geometric realization of a 
simplicial G-set is a G-CW complex; therefore any G-set which is homotopy 
equivalent to a G-equivariant CW complex is also equivalent to a G-CW 
complex. For any two pointed G-spaces X, Y, their smash product X AY 
is also a pointed G-space, and if X and Y are G-CW complexes, then so is 
their product X AY. 

Equivalently, the fixed points subset X^ C X of a G-space X can be 
described as follows: take the orbit [G/H], treat it as a G-space with the dis- 
crete topology, and consider the space of continuous maps Maps([G/ff], X) 
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with a natural topology on it. Then we have 
(8.1) ^ Maps([G/i7],X). 

This shows that for any G-space X, the correspondence H i— )• X^ is a 
actually a functor from the category O'q^ opposite to the category of finite 
G-orbits to the category of topological spaces. If X is a G-CW complex, then 
this is a functor from to the category of CW complexes and cellular 
maps between; if the G-CW complex X is finite, then so are all the X^ . 

Now, for any CW complex X, we have a natural cellular chain complex 
G. (X, Z), and this construction is functorial with respect to cellular maps. 
Therefore for any G-CW complex, we have a natural functor 

[G/H] ^ C.{X^,Z) 

from the category O^'-^ to the category of complexes of abelian groups. Let 
us denote the corresponding complex of functors in Fun(0^^, Z-mod) by 
C^{X,Z). This complex was constructed and studied by Bredon [Brj : in 
his terminology, functors from Oq^ to abelian groups are called coefficient 
systems, so that Gf'(X, Z) is a complex of coefficient systems. We note 
that up to a quasiisomorphism, it does not depend on the particular CW 
model for an object X € Hom(G). The embedding of the fixed point pt 
X induces an injective map Z ^ Gp(pt,Z) C^{X,Zy, let Gp(X,Z) = 
Gp(X,Z)/Z be the quotient. A gain, up to a quasiisomorphism, it only 
depends on the class of X in Hom(G). 

Definition 8.1. The complex C^{X,7j) is called the naive reduced G-equ- 
ivariant cellular chain complex of the CW complex X. The corresponding 
object Gp(X, Z) G I){Oq^, Z-mod) is called the naive reduced G-equivariant 
homology of X considered as an object in Hom(G). 

Lemma 8.2. For any two objects X,Y Hom(G), we have a natural quasi- 
isomorphism 

Gp(x A y, z) ^ c^{x, z) (g) Gp(y, z), 

where the tensor product in the right-hand side is the pointwise tensor prod- 
uct in the category 2?(0^^, Z-mod). 

Proof. The corresponding statement "without the group G" is completely 
standard. Since the tensor product in 'D{0'q^ , Z-mod) is pointwise, it suffices 
to show that {X x Y)^ = X^ xY^; this is obvious from (fO) . □ 
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8.2 Stabilization. Recall that for the usual finite pointed CW complexes, 
the Spanier- Whitehead stable homotopy category SW is defined as follows: 
object are again finite pointed CW complexes, maps from X to y are given 
by 

(8.2) Hom(X, Y) = lim[S^X, S*y] , 

i 
— > 

where [— , — ] means the set of homotopy classes of maps, and T, is the sus- 
pension functor, so that = A X, where is the z-sphere. 

By definition, the suspension functor S is fully faithful on the category 
SW; in fact the definition is designed exactly to achieve this. The triangu- 
lated category of spectra, denoted StHom, is obtained by formally inverting 
the suspension, thus making it not only fully faithful but an autoequivalence. 
The passage from SW to StHom involves a somewhat delicate limiting pro- 
cedure due to Boardman; I do not feel qualified to re-count it here, and refer 
the reader to any of the standard textbooks (e.g. [Ad!) the definition 
of StHom and further discussion. We have a natural fully faithful embed- 
ding SW C StHom which is compatible with the suspension and is usually 
denoted by The category sthom of finite CW spectra is given by 

sthom = [j S-XS°^(SW)) c StHom . 

i 

This is the smallest full triangulated subcategory in StHom containing SW. 
Sometimes, e.g. in [BBDl 1.1.5], it is this category which is called "the 
stable homotopy category" . It can be equivalently described as the category 
of pairs {X, n) of a finite CW complex X and an integer n, with maps from 
{X, n) to (y, m) given by 

lim 

i>max(n,m) 

We should note here that the category sthom is certainly not sufficient for 
many applications in topology, since almost all spectra representing inter- 
esting generalized homology theories are not finite CW spectra. 

The cellular chain complex C'(— ,Z) is compatible with suspensions, 
thus descends to the homology functor from sthom to the derived category 
D(Z-mod) which we denote by 

h : sthom — >■ P(Z-mod); 

explicitly, h{{X,n)) is represented by the complex C'(X)[n]. 
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For G-spaces, one can repeat the Spanier- Whitehead construction lit- 
erahy; this results in a "naive G-equivariant Spanier- Whitehead category" 
SW""*'"*^ (G) - objects are G-spaces X G Hom(G), maps are given by the 
same formula (j8.2p as in the non-equivariant case. 

However, there is a more interesting and more natural option. Namely, 
the i-sphere is the one-point compactification of the i-dimensional real 
vector space V; in the equivariant world, this vector space should be allowed 
to carry a non-trivial G-action. To make sense of the direct limit in ()8.2p . 
one fixes a so-called complete G-universe, that is, an infinite dimensional 
representation U of the group G which has an invariant inner product and 
is "large enough" in the sense that every finite-dimensional inner-product 
representation V of the group G occurs in U countably many times. Then 
the limit in ()8.2p should be taken over all inner product G-invariant sub- 
spaces V C U: 

[X,Y]u = lim[S^X,S^y], 

where is the ^-suspension functor given by T,^{X) = A X, and 
5^ G Hom(G) is the one-point compactification of V, with base point at 
infinity. This construction works for an arbitrary compact topological group 
G. However, when G is a finite group with discrete topology, there is an 
obvious preferred choice of the universe: we can take U = R®°°, the sum of 
a countable number of copies of the regular representation R = ]R[G]. This 
results in the following definition. 

Definition 8.3. The "genuine" G-equivariant Spanier-Whitehead category 
SW(G) has finite pointed G-CW complexes as objects, and maps from X to 
Y are given by 

Hom(X, Y) = lim[S*-^X, T}^Y\, 

i 

where [— , — ] stands for the set of morphisms in Hom(G), R = R[G] is the 
regular representation of the group G, and E*^ by abuse of notation denotes 

Among other representations of G, R contains the trivial one, so that 
passing to the limit in Definition 18.31 includes taking the limit (18.20 , and we 
have a natural tautological functor 

(8.3) i, : SW""™^(G) ^ SW(G) 

which is identical on objects. However, this is most certainly not identical 
on morphisms, thus not an equivalence. 
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To pass to the spectra, one again inverts the suspension, either in the 
genuine category SW(G) or in the naive category SW"'"*'"^(G); this results 
in the so-cahed category of naive G-spectra StHom""™'^(G) and the category 
of genuine G-spectra StHom(G). Both are triangulated categories. For the 
precise definitions, I refer the reader to the book [LMSj . the standard ref- 
erence on the subject. The suspension functor S is an autoequivalence 
on StHom"'"™''(G), and ah the suspension functors T.^ , V C R'^°°, are 
autoequivalences on StHom(G). We again have full embeddings ^'^aive • 
^y^naive ^ StHom""™^ (G) , : SW C StHom(G), and we can define the 
triangulated categories of finite G-spectra by 

sthom"(G) = ]J^-'{^Zive{Sy\l{G))) C StHom"(G) 

i 

and 

sthom(G) =(JS-'^(S°°(SW(G))) C StHom(G), 

i 

where stands for As in the non-equivariant case, one can 

equivalently describe these categories as the categories of pairs {X, n) , X € 
Hom(G), n G Z, where {X,n) corresponds to T.-'{X) € StHom''"*''<=(G) in 
the naive case, and to € StHom(G) in the genuine case. 

8.3 Equivariant homology. The Bredon equivariant homology functor 
Gp(-,Z) : Hom(G) V{0"JP,Ah) of Definition ED obviously extends to 
the naive category SW"'^*''^(G), and then further to the category of finite 
spectra, so that we have a natural functor 

(8.4) sthom™(G) ^ ViO"^, Ab) 

which we denote by h'j^aivei~)- However, a moment's refiection shows that 
it does not extend to the genuine category sthom(G). This is where the 
Mackey functors come in. 

Definition 8.4. The G -equivariant homology h'^(T,°°X, Z) of a finite point- 
ed G-CW complex X £ Hom(G) is the induced derived Mackey functor 

h^{X,Z) = q'^PPC^{X,Z) G VM{G), 

where qf^^ : V{0^,Z-mod) ©^(Og, Z-mod) = VM{G) is the induction 
functor of Subsection 15.31 
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Lemma 8.5. For any two finite pointed G-CW complexes X, Y , we have 
a natural isomorphism 

h^{X AY,Z) ^ h^{X,Z)0h^{Y,Z) G VM{G). 
Proof. A combination of Lemma 18.21 and (j6.16p of Lemma 16.201 □ 

Proposition 8.6. For any finite- dimensional representation V of the group 
G, the object 

h^{S^,Z) € VM{G) 
is invertible in the sense of Subsection^T^ 

Proof. Since h'~'{S^ ,'L) = g°^^C'5'(S'^, Z), we can use the criterion of Propo- 
sition 17.111 To check the condition (i) , note that for any subgroup H C G, 
we have 

Cp(5^,Z)([G/F]) ^C.((5^)^,Z), 

and since is a sphere, its reduced homology is Z[dim]Rl/ ]. 

To check the condition (ii), fix two subgroups Hi C H2 C G, let Si = 
(3^)^^ = sy"\ i = 1,2, let / : [G/Hi] [G/H2] be the quotient map, 
let f : S2 ^ Si he the corresponding cellular embedding, and let W = 
Aut(/) C A.ni[G / Hi]. Since for any proper subgroup W C VF, we have a 
factorization 

[G/Hi] > [G/Hi]/W' > [G/H2] 

of the map / through some G-orbit [G / Hi\/W' , every proper subgroup 
W C W appears as Aut(a) in (|7.6p . The group W itself appears only if 
the map [G / Hi\/W [G/H2\ is not an isomorphism, or in other words, 
S2 C SY is a proper inclusion. We have to show that the relative homology 
object 

C.(5i/52,Z) GP^(H^,Ab) 

lies in the subcategory P{Aut(a)}(^, Ab) C V\W,Kb). If ^2 / Sf , W 
appears in the family {Aut(a)), so that X>{Aut{o)}(l^; Ab) = V^{W,Kh) and 
there is nothing to prove; thus we may assume S2 = S^ ■ But since by 
definition, the stabilizer of any non-trivial cell in the quotient Si/S^ is a 
proper subgroup W , the claim then immediately follows from Lemma 17.91 
□ 
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Corollary 8.7. The G-equivariant homology of Definition \8.4\ extends to a 
well-defined functor 

h^{-,Z) : sthom(G) ^ VM{G). 

Proof. For any finite-dimensional representation V of the group G, let : 
VM{G) VM{G) be the functor given by 

cj^(M) = M ®h^{S^ ,1.). 

Then by Lemma [831 we have ^ cr^(/i'^(X, Z)) for any fi- 

nite G-CW complex X S Hom(G), and by Proposition 18. 6| is an au- 
toequi valence. By definition, every object X' G sthom'^ is of the form 
X' = for some such V and and X] the desired extension is 

then given by 

= (a^)-i(/i^(X,Z)), 
and by Lemma 18.51 this does not depend on the choice of the identification 



8.4 A dictionary. Corollary 18.71 allows one to compare notions from the 
G-equivariant stable homotopy theory with those of the theory of Mackey 
functor. We finish the section, and indeed the whole paper, with a short 
dictionary saying what should correspond to what. All the material on 
equivariant stable homotopy is taken from |LMS) . Personally, 1 also find 
very useful the brief introduction to I L\ 1 1 . 

First of all, the tautological functor (18. 3p obviously extends to finite 
spectra, and by definition, we have a commutative diagram of triangulated 
categories and triangulated functors 

sthom"(G) sthom(G) 



G 



(8.5) ^naive- h 

V{0°PP,Z) VM{G). 

The smash product on the category Hom(G) extends to the categories of 
finite spectra sthom"'"*''^(G) and sthom(G), so that they become symmetric 
tensor triangulated categories. Unfortunately, the product does not combine 
well with the stabilization procedure of (18. 2p . so that this extension is very 
non-trivial already in the non-equivariant case, see e.g. [Adj. Although in 
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the last fifteen years, new and more satisfactory approaclies appeared (e.g. 
[EKMMj or |HSSj ). still, none of them can be recounted in a few pages. Nev- 
ertheless, whatever construction one uses, our equivariant homology functor 
h*^ ought to be compatible with the smash products. 

Lemma 8.8. For any two objects X, y G sthom(G), we have 
h^{X A y) ^ h^{X) h^(Y). 

Sketch of a proof. To give an honest proof, we would need to use an exact def- 
inition of the product of spectra, which would be beyond the scope of the pa- 
per; instead, we show how the statement is deduced from the standard prop- 
erties of the smash product. Write down X = (S^)-i(X'), Y = (S^)-^(y'), 
x',Y' G Hom(G), V,W C By Lemma [831 we have h'^{X' A ¥') ^ 

h^{X') (g) h^{Y') and h^iS^®^) ^ h^iS^ A S^) ^ h^iS^) (g) h^^iS^), so 
that 

where cr^ is as in the proof of Corollary 18.71 Then 

h^{x ^Y)^ h^{{Ty)-^x' A (s^)-iy') ^ a y')) 

^ {a^®^r^h^{X') «) h^{Y') ^ h^{X) ^ h^(Y), 

as required. □ 

An analogous statement for sthom"'"™'^(G) is also obviously true. More- 
over, the functor i\ of (jS.Sp is also tensor, and is tensor by (|6.16p of 
Lemma 16.201 so that (|8.5p is actually a diagram of tensor functors. 

Next, for any subgroup H C G, the fixed points functor X i— > X^ from 
Hom(G) to the category of CW complexes preserves products; since the 
fixed points subset of a sphere is also a sphere, the fixed points functor 
is compatible with (|8.2p and extends to the category sthom(G) of finite G- 
spectra. The result is called the geometric fixed points functor and denoted 
by 

: sthom(G) sthom . 

It is also compatible with the smash product. Under our the equivariant 
homology functor h'^, it goes to the fixed points functor on the category 
VM{G): 

Lemma 8.9. For any subgroup H <Z G and any X G sthom (G), we have a 
quasiisomorphism 

(8.6) ho^^{X)^^^^/^^oh^iX) 
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Proof. By ()6.16p of Lemma 16.201 we have 

$[^/^l((T^(M)) ^ $[^/-^](M)[dimy^] 

for any V C R®°° and any M € T>M{G). Therefore the statement is 
compatible with suspensions, and it suffices to prove it for X = S°°(Xo) 
for some finite G-CW complex Xq € Hom(G). Then it immediately follows 
from (f05]) of Lemma [OOl □ 

Consider now the full categories of spectra StHom"'^*'"^(G), StHom(G). 
The tautological functor i\ of (j8.3p extends to all spectra, although it be- 
comes rather non-trivial in the process. So do the smash product and the 
geometric fixed point functors. Just as in the case of the finite spectra, the 
functors <^^, H C G, and i\ are tensor functors. It is natural to expect that 
our equivariant homology functor h'^ also extends to StHom(G). 



Conjecture 8.10. The equivariant homology functor h'^ of Corollary \8. 7| 
and the naive homology functor h'^^^^^ of (18. 4p extend to the categories of 
spectra, so that (|8.5p extends to a commutative diagram 

StHom"'^^'''^(G) StHom(G) 



(8.7) 



G 



P(Og'P,Z-mod) VM{G) 

of tensor triangulated functors. Moreover, for any subgroup H C G, (|8.6p 
extends to an isomorphism 

of functors from StHom(G) to P(Z-mod). 

Moreover, on the level of spectra, the tautological functor i\ acquires 
a right-adjoint i* : StHom(G) — > StHom"°*'''^(G), and we can consider the 
diagram 

StHom""*^^(G) StHom(G) 

na-ive 

P(Og'P,Z-mod) VMiG), 

where q"PP* is the restriction with respect to the embedding q°PP : Oq^ 
QTg ~ that is, the right-adjoint functor to q°^^ . By base change, we have a 
natural map 

h'^ai.eOi*^q'^^*oh^. 
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Conjecture 8.11. The base change map h^^^^^ o i* qopp* q j^g 
isomorphism. 

Using i* , one can define another fixed point functor associated to a sub- 
group H C G. Indeed, we have an obvious fixed points functor 

sthom""™'=(G) ^ sthom, 

and it extends to a functor from StHom"'^*''^(G) to StHom (isomorphic to 
oi\); composing it with i*, we obtain a triangulated functor 

StHom(G) StHom . 

This functor is called the Lewis-May fixed points functor. There is no stan- 
dard letter associated to it; usually it is denoted simply hy X . 

If Conjecture 18.101 and Conjecture 18.111 are known, then the following is 
immediate. 

Corollary 8.12. For any X S StHom (G), we have a functorial isomor- 
phism 

Proof. By Conjecture 18.111 and Conjecture 18.101 we have 

h{X^) ^ h{^^{id*{X))) ^ ^^^/^\q^PPq°PP*h^{X)), 
and by Lemma |6.20|, this is isomorphic to 

q°PP*{h^{X)){[G/H]) ^ 

as required. □ 

Let me conclude the paper with the following remark. As we have noted 
in Remark 13.91 the categories QC{—,—) used in Section [3] in our definition 
of derived Mackey functors are naturally symmetric monoidal, so that the 
group completions il.B\QC{—, — )| of their classifying spaces are infinite loop 
spaces. Thus one can define a category Bq "enriched in spectra" with objects 
[G/H] and morphisms given by QB\QOg{—,—)\- If one does this with 
enough precision, one can then define the category of "enriched functors" 
from Bg to StHom in such a way that it becomes a triangulated category. 
As I understand, this construction is well-known in topology, and it is well- 
known that the resulting category is StHom (G). It seems that this has 
not been written down (probably because the technology needed to make 
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this precise appeared not long ago and is still rather cumbersome, and the 
difficulties of working out all the details outweigh the benefits of giving yet 
another description of a well-studied object). Be it as it may, if this sketch is 
assumed to work, then the comparison with the present paper becomes quite 
transparent: all we do is replace spectra with complexes which compute their 
homology, and replace "enriched functors" with Aoo-functors. What I don't 
know is whether our third description of PA^(G), namely the one given in 
Section O has any counterpart with spectra instead of complexes. It seems 
it would be very useful, since for Mackey functors, this description is by far 
the most effective. On the other hand, on the level of complexes one has to 
work with an ^oo-coalgebra Tf, not an ^co-algebra, and various finiteness 
phenomena become crucially important; it is not clear whether this can be 
made to work in StHom. 
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